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Abstract 

In this study, the gamma radiation in a variety of soil samples represents several of 
predominant types of geological rock formations appearing in Hebron province was 
measured using the high–resolution gamma-ray spectroscopy. The calculated 
radiological concentrations were found to range from 2.3-72.8, 1.7-85.4, 16.9-420.7 
Bq/kg for 232Th, 238U and 40K respectively.  The corresponding calculated absorbed dose 
rates in air outdoors were found to be in the range of 3.6-15 nGy/h, depending on the 
geological features. The corresponding effective dose rates per person outdoors were 
estimated to be between 15.6 and 51.4 µSv/y, assuming a 20% occupancy factor. The 
mean absorbed dose rate in air outdoors amounts to (12.7 ± 5.3) nGy h−1, which is by far 
below the corresponding world-averaged value of 60 nGy h−1.  This shows that 
inhabitants of the province are subjected to a radiation exposure, which is significantly 
lower than the corresponding exposure levels reported worldwide.  

Keywords: gamma-ray; radiation; high-resolution; spectroscopy; absorbed dose; granite; 
West Bank. 

Introduction 

The terrestrial background radiation is formed by the process of nucleosynthesis in 
stars [1].  Only those radionuclides with half-lives comparable to the age of the earth, 
and their decay products, can still be found today on earth, e.g. 40K, and radionuclides 
from 238U and 232Th series.  Gamma radiation from these radionuclides represents the 
main external source of human body exposure to natural radiation [2-3].  The external 
radiation exposure arises mainly from cosmic rays and from terrestrial radionuclides 
occurring in all soils.  The assigned outdoor absorbed dose rate in air from cosmic 
radiation outdoors at sea level is about 30 nGy/h for the Southern hemisphere [3]. The 
specific levels due to terrestrial background radiation are related to the types of rock 
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from which the soil originates.  Therefore, the natural environmental radiation mainly 
depends on geological and geographical conditions [1].  Higher radiation levels are 
associated with igneous rocks, such as granite, and lower levels with sedimentary rocks.  
There are exceptions, however, at some shales and phosphate rocks having relatively 
high content of radionuclides [2].  

Investigations on terrestrial natural radiation have received particular attention 
worldwide and led to extensive surveys in many countries [2-12].  They mainly serve as 
a baseline data of natural radioactivity such that man made possible contaminations can 
be detected and quantitatively determined.  They can further be used to assess public 
dose rates and to perform epidemiological studies.  The results obtained in each country 
can be explained to enrich the world's data bank, which is highly needed for evaluating 
worldwide average values of radiometric and dosimetric quantities [4].  Very few, if any, 
studies had been made [13].  Such studies indicate that information and extensive data 
about gamma radiation are severely limited in the West Bank.  No good estimate is 
available on the radionuclides species that are present in the West Bank.  So the purpose 
of the present study was an attempt to have an estimation of gamma radiation and 
concentration distributions.  It is hoped that this study will help in studying the relation, 
if any, between the radionuclide distribution and the soil characteristics.  Thus, natural 
gamma radiation measurements for most geological rock types appearing in Hebron 
province, West Bank (Figure 1) are presented.  Finally, an attempt to find a relation 
between terrestrial radiation doses in air outdoors and studying dose contributions of 
each natural series, 232Th and 238U, and 40K that occur with different concentrations on 
rock composition has to be implemented. 

Methodology 

The soil samples were collected from about ten villages chosen randomly around 
Hebron province. The experimental part has been carried out using gamma-ray (γ-rays) 
spectroscopy at the ministry of Environment. Full description of the experimental setup 
and procedures were reported somewhere else [8, 14-17].  Relatively speaking, the 
system consists of a high-purity germanium (HPGe) detector (coaxial cylinder of 55 mm 
in diameter and 73 mm in length) with an effecincy of 30 %, relative to a 3"×3" NaI(T1) 
scintillator [14-16].  The energy spectrum of the emitted γ-rays is in the energy range 
between 50 keV and 3 MeV.    The detector is mounted on a cryostat which is dipped 
into a 30-litre Dewar filled with liquid nitrogen.  A graded-Z cylindrical shield 
consisting of lead, iron, and aluminum with thickness of 5 cm, 1 cm, and 1 cm, 
respectively, surrounds the detector.  The energy dependent detection efficiency has 
been determined using a calibrated 152Eu gamma reference source (standard Marinelli 
beaker with 85 mm bore diameter), which has an active volume of one liter and an 
average density of 1 gm/cm3 [5].  The energy resolution (FWHM) achieved is 1.8 keV at 
the 1.33 MeV reference transition of 60Co.   

According to the geological features of the Hebron province, samples have been 
carefully collected from each type of the geological formations.   At each site, several 
soil samples were taken from the natural geological rocks.  The number of collected soil 
samples in each site was based on the number of dominant rock type (granite or not).  A 
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total of 32 soil samples from fifteen different sites in the province were collected for 
gamma radiation investigations (Table 1).  The collected soil samples were stored in 
plastic bags before gamma radiation measurements.  A sub-sample to pass through a 2 
mm sieve mesh is taken from each sample and ground.   Then, the measured samples 
were sealed in standard one liter Marinelli beakers and stored for at least four weeks 
before counting in order to allow the in-growth of uranium and thorium decay products 
and achievement of equilibrium for 238U and 232Th with respect to progeny [4].  Each 
sample was put into the shielded HPGe detector and measured for 24 hours (a typical 
spectrum is shown in Figure 2).  Prior to the samples measurement, the environmental 
gamma background at the laboratory site has been determined with an empty Marinelli 
beaker under identical measurement conditions.  It has been later subtracted from the 
measured γ-ray spectra of each sample. 

 
Figure 1. Map of Hebron province showing the location of the villages and cities under 
investigations. 
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Figure 2. Typical gamma-ray spectrum. 

Results and discussion 

Typical gamma-ray spectroscopy is shown in Figure 2. The radiological 
concentration in the 232Th and 238U decay series and in 40K is calculated according to the 
following equation [5,12]: 

        Ei
Ei

E d s

NA  
ε t γ M

=
× × ×

.............................................................................. (1) 

where AEi is the radiological concentration of the detected nuclides (in Bq/kg), and 
for a peak at energy E, NEi is the net peak area (NPA) of a peak at energy E, εE is the 
detection efficiency at energy E, t is the counting lifetime, γd is the number of gamma 
per disintegration of this nuclide for a transition energy E, and Ms is the measured 
sample mass in kg.  The results of reported activity concentrations obtained for each of 
the samples are summarized in Table 1. 

Table 1. Natural radioactivity concentrations of 238and K of the 32 different collection 
soil sites 

Radiological concentration (Bq/kg) No. Soil sites 

232Th 238U 40K 
1 Dura (1) 11.5 41.6 34.4 
2 Dura (2) 32.4 28 26 
3 Asimya 29 15 48 
4 As Samu (1) 33.2 27.2 21.6 
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Radiological concentration (Bq/kg) No. Soil sites 

232Th 238U 40K 
5 As Samu (2) 32.7 15.6 86.4 
6 Yatta (1) 41.8 13.7 345.8 
7 Yatta (2) 56.4 1.7 345 
8 Yatta (3) 17.0 6.2 178.1 
9 Susyia (1) 14 19 128 

10 Susyia (2) 16 13 20.6 
11 Karmel 12.1 11.8 21.4 
12 Ma'in 13.8 18 16.9 
13 Bayt Al-Rush 6.4 21.5 17.4 
14 Raqah 15.4 18.8 76.1 
15 Munizel 3.9 14.1 127.7 
16 Beni Naim (1) 21.3 42.3 420.7 
17 Beni Naim (2) 52.4 85.4 280.1 
18 Beni Naim (3) 72.8 64.6 240.1 
19 As Shuyukh (1) 21.5 13.8 21.1 
20 As Shuyukh (2) 28.3 15.8 88.1 
21 Si'ir 47.4 16.4 292.1 
22 Halhul 8.6 8.2 115.6 
23 Bayt Awla 31.4 18.6 178.1 
24 Taffuh 4.8 9.4 118.1 
25 Idnah 9.8 22.1 53.2 
26 Sikkah 6.3 19.1 129.6 
27 Duma 8.4 13.1 125.2 
28 Az Zahhiriyah 6.4 16.4 146.8 
29 Bayt Mirsim 6.0 18.6 112.6 
30 Al Majed 2.3 12.4 58.0 
31 Karmah 18.4 13.4 64.2 
32 Rihiyah 24.3 15.6 34.6 

 
Table 2.  Average activity and effective dose rates for 232Th, 238U, and 40K. 

Series Nuclide Energy 
(MeV) 

 Outdoor dose 
rate (nGy/h) 

Effective outdoor 
dose rates (µSv/y) 

228Ac 0.911 15.4 
212Bi 0.727 11.2 
208Ti 0.583 3.6 

Thorium 

212Pb 0.238 21.8 

15.6 

214Pb 0.352 8.2 Uranium 
214Bi 0.609 7.3 

8.9 

Potassium 40K 1.460 8.7 11.8 
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As shown in Table 1, the activity concentrations of 232Th vary from 2.3 to 72.8 Bq 
kg−1, of 238U from 1.7 to 85.4 Bq kg−1 and of 40K from 16.9 to 420.7 Bq kg−1.  Of all the 
32 samples measured in this study, Yatta and Bani Naim appear to have the highest 
concentrations of 232Th, whereas As Samua, Beni Naim (1)-(3) and Dura villages exhibit 
the highest concentration of 238U.  Beni Naim (1) appears to have much higher 
concentration of 40K, when compared with the concentrations of all the other samples, 
reaching levels up to 420.7 Bq k−1.  In general, activity concentration of 232Th and 238U is 
rather low in all the samples measured.  The obtained average concentration of 232Th and 
238U and 40K in the inspected samples were (17.1 ± 3.7), (19.5 ± 4.5), and (134.9 ± 25.6) 
Bq kg−1, respectively.  This reveals that the mean concentration levels measured in 
Hebron province from naturally occurring radioisotopes are at least by a factor of two 
lower than the corresponding values obtained worldwide.  Our extracted values, in 
general, fall within the range of most reported values from other worldwide areas [7-12, 
14-17]. 

Assuming that the natural radioactive nuclides are uniformly distributed in the 
ground, the dose rates, D, at 1 m above the ground surface are calculated by the 
following formula [14-16]: 

R N FD C C= × ............................................................................................. (2) 

where DR is the dose rate measured in  nGy/h, CN is the nuclide concentrations in 
Bq/kg and CF  is the conversion factor in nGy. kg/Bq.  The dose rates in air outdoors 
were calculated from concentrations of nuclides of 232Th and 238U series, and of 40K 
using equation (2).  In table 2, the results obtained for the dose outdoors and the 
corresponding effective dose assessment for the 232Th and 238U series, and 40K are 
displayed. The extracted values range from 3.6 to 21.8 nGy h−1.  According to the more 
recent UNSCEAR reports [3-4], the corresponding worldwide average values range from 
18 to 93 nGy h−1 and typical range variability for measured absorbed dose rates in air 
outdoors is from 10 to 200 nGy h−1 [5].  The population-weighted values give an average 
absorbed dose rate in air outdoors from terrestrial gamma radiation of 60 nGy h−1.   

The annual effective outdoor doses are estimated by making use of UNSCEAR 
reports [3-4].  According to this report, 0.7 Sv Gy−1 was used for the conversion 
coefficient from absorbed dose in air to effective dose received by adults, and 0.2 for the 
outdoor occupancy factor [5-8].  Effective dose rate outdoors in units of µSv per year is 
calculated by the following formula [12]: 

F1.23  OY C RD C D≅ × × × ..................................................................... (3) 

where Dy is the dose  rate in µSv/y, CC is the conversion coefficient and OF is the 
occupation factor.  The conversion coefficients for Thorium series, uranium series and 
potassium are: 0.52813 (NGy. Kg)/(h. Bq), 0.38919, and 0.03861, respectively [5,12].  It 
should be noted here that in the UNSCEAR reports, dose rate conversion factors are 
taken from Saito and Jacob [12].  The effective dose rates outdoors estimated according 
to equation (3) and its value was found to be within the range 9.4 to 15.6 µSv/y, which is 
lower than the assigned international values.  
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Conclusions 

The powerful high-resolution γ−ray spectroscopy was used in studying natural 
radioactivity and determining elemental concentrations and dose rates in various rock 
types in Hebron province.  For the predominant rock types of Hebron province that were 
investigated, samples originated from Yatta, Beni Naim appear generally to have higher 
radionuclide concentrations, as compared to the rest of places.  This might be attributed 
to the fact that rock samples taken from these places composed of a combination of 
phosphates, carbonates and silicates, and granite type.  However, activity and elemental 
concentrations of thorium, uranium and potassium in the studied soil samples were 
found to be normal.  The extracted values are distinctly lower than the corresponding 
ones obtained from other countries worldwide and, in general, they all fall within the 
range given in the UNSCEAR report [13]. 

The mean absorbed dose rate in air outdoors amounts to (12.7 ± 5.3) nGy h−1, which 
is by far below the corresponding population-weighted (world-averaged) value of 60 
nGy h−1.  This implies that inhabitants of the province are subjected to a radiation 
exposure, which is significantly lower than the corresponding exposure levels reported in 
other areas worldwide.  

In conclusion, more systematic studies of the West Bank geological formations are 
recommended with the objective to create a digital radiological map of West Bank.  
Such map should express the exposure levels due to terrestrial gamma radiation, which 
mainly depends on the geological features of rocks. On the other hand, additional studies 
are also required in order the dose rates and effective dose rates indoors can be 
determined.  This would provide the possibility to accurately determine the public total 
effective dose rates due to natural radioactivity. 
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قياس إشعاعات جاما ومعدل الجرعات لعينات من الصخور الجيولوجية ذات مصدر 
  إشعاعي طبيعي في محافظة الخليل

  

  محمد ابوسمرة

  

  ملخص

في هذه الدراسة تم قياس إشعاعات جاما في عـدة عينـات تربـة تمثـل تـشكيلات متعـددة مـن الـصخور                     
 وبينــت الدراســة أن .مــا ذات التحليــل العــالي الجيولوجيــة فــي محافظــة الخليــل، بإســتخدام مطيافيــة أشــعة جا   

 ل بيكــر420.7 إلــى 16.9، 85.4 إلــى 1.7، و 72.8 إلــى 2.3تراكيــز الجرعــات الإشــعاعية يتــراوح مــا بــين  
ــوم  / ــوالي 40-، والبوتاســيوم238-، واليورانيــوم232-كغــم لإشــعاعات عناصــر الثوري كمــا بينــت  .   ، علــى الت

ــات الممتــــصة وال   ــدل الجرعــ ــة أن معــ ــين    الدراســ ــا بــ ــراوح مــ ــذكورة يتــ ــالتراكيز المــ ــة بــ ــى 3.6متعلقــ  15 إلــ
وقد تم ايضا تقدير معدل الجرعات الفعالة المرتبطـة    .  ساعة، معتمدا على الخصائص الجيولوجية    /نانوكراي

ســنة، علــى أســاس أن عامــل  / ميكروســيفرت51.2 إلــى 15.6بالــشخص الواحــد، ووجــد أن يتــراوح مــا بــين   
 12.7وجد أن معدل إمتـصاص الجرعـات فـي الهـواء الخـارجي يعـادل تقريبـا                  و%.   20الإشغال لا يتجاوز    

.   نـانوكراي فـي الـساعة   60نانوكراي في الساعة، وهو أقل بكثير من المعدل العـالمي والـذي يـساوي تقريبـا       
وهــذا يــدلل علــى أن ســكان المحافظــة يتعرضــون إلــى إشــعاعات ولكنهــا أقــل بكثيــر مــن الحــد المــسموح بــه        

 .عالميا
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Abstract 

The results of Electron Dispersive (EDS) and X-Ray Diffraction (XRD) analysis in 
a supersaturated and aged Pb-Sb solid solution are shown. The undertaken analysis 
shows that a small scatter exists between the two approaches. The cell parameter 
determination has shown a small contraction effect of the solvent cell.  
Introduction: 

The batteries for electric storage of power used in the rural zones and the Great 
South of Algeria are basically in their constitution identical to the electrical automobile 
batteries i.e. Lead-Acid type. The principal elements of these batteries are the grids. The 
grids are manufactured from lead as major constituent of the alloy and antimony as 
solute. These grids are coated in a special paste and are bathing in an electrolyte which is 
an acid solution. The alloys which form these grids undergo during their life two 
evolutions which determine their durability. The first one is a structural evolution 
(internal) due to the constitution of the alloy and the second one is due to the interaction 
of the alloy with the corrosive bath (externa+l) in which they are immersed. These two 
physical and chemical evolutions are concomitant and contribute to the deterioration of 
the material. The characterization of these evolutions is of primary importance in order 
to optimise the durability of the batteries. 

It is well known that the kinetics and the morphology of any solid phase 
transformation are governed by the initial solute content and/or by its supersaturation[1].   
Furthermore, the room temperature corresponds to 0.5 Tf  (Tf  being the melting 
Temperature in Kelvin degrees). Then during their life service, the grids undergo 
structure changes due to "ageing-recristallisation" effects[2]. If the solute content of the 
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alloy is beneath the limit value imposed by the solvus line then the ageing causes a 
continuous precipitation and a late discontinuous precipitation named "over ageing". 
When the solute content is beyond the limit, a coarse lamellar eutectic microstructure is 
obtained after ageing [3,4].   

In this work the solute concentration of a Pb-Sb alloy is determined through EDS 
(Energy Dispersive Spectroscopy) and XRD (X-Ray Diffraction) analysis. For the later 
we have used a new approach based on the Direct Comparison Method [5]. 

Experimental Techniques:  

The Pb-Sb alloy samples were cut out from grids of batteries which were provided 
by a national commercial company. Parts of the grids were remelted in graphite crucible 
and Die cast. The parallelepiped obtained ingots were 60*11*3 mm3. The re-melting was 
performed in order to reset the backward thermal and mechanical history of the alloy.  

The alloy in the as cast dendritic and inhomogeneous structure resulting from the 
re-melting and cooling were homogenised at 270 °C during 30 minutes. This heat 
treatment is followed by a quenching of the ingots into glacial water in order to obtain 
the supersaturated state.  We carried out the thermal treatments by using a LINO 
ELEKTRO THERM furnace.  

In order to determine the solute concentration of the alloy, we carried out an Energy 
Dispersive Spectroscopy analysis on a Scanning Electron Microscope facility (JEOL 
6300 SEM).  

In order to refine and compare the results with those obtained via the former 
method, an X-Ray Diffraction (XRD) analysis was undertaken (X`PERT PRO, PHILIPS 
PANALYTICAL 3040). The Cu K α radiation was used in the interval 2θ of  0 - 80 0 . 
The homogenized and quenched samples were used in a massive form after ageing at the 
ambient temperature (natural ageing).  

For both analyses, massive samples of the alloy (homogenized and quenched) 
analysed after a standard and fine metallographic preparation (polishing with different 
Silica papers and finishing with a Diamante paste).  

Results And Interpretations:  

Figure 1 shows the results of the EDS analysis. The spectrum shows the number of 
X-rays collected at each energy. The energy of each X-ray photon is characteristic of the 
element which produced it. The EDS microanalysis system collects the X-rays, sorts and 
plots them by energy, and automatically identifies and labels the elements responsible 
for the peaks in this energy distribution. The EDS data are typically compared with 
either known or computer-generated standards to produce a full quantitative analysis 
showing the sample composition. The table inserted in figure (1) gives the composition 
of the studied alloy within 0.1% relative error.  
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Figure 1 : Energy Dispersive Spectrum and solvent and solute content values displayed 
of a  supersaturated Pb-Sb solid solution, water quenched  and aged at the ambient 
temperature during one week. 

In order to confirm the semi quantitative results displayed by the EDS analysis, we 
carried out X-Ray Diffraction experiments on the supersaturated and aged Pb-Sb alloy 
samples.  Figure (2)  presents the five characteristics rays of the Pb matrix (FCC) and 
some rays associated with the Precipitated (Sb) phase. According to the literature [6-8], 
a room temperature (natural) ageing  for one week is sufficient for a continuous  
precipitation of the beta phase (Sb, rhomboedric structure R 3m) to occur. Both the rays 
of the matrix Pb or precipitated (Sb) have been indexed by a commercial software .  
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Figure 2:  XRD diagram of a supersaturated Pb-Sb solid solution, water quenched  and 
aged at  the ambient temperature during one week. 

We used the “Direct Comparison Method [5] to determine the concentrations of Pb 
and Sb of a taken sample of a grid of battery. This method requires knowledge of the 
angular positions and the relative diffracted intensities of the solvent phase and the 
precipitated beta (Sb) phase. The concentrations of the two phases are given by the  
following two relations:  
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In which v i, Fi , Pi and e -2M are respectively the volume of the cell,  diffusion, 
multiplicity and Debye-Waller temperature factors. By using suitable set of (hkl) planes 
that ensure a maximum relative intensity, we have found C Sb = 2.53 and C Pb = 97.34 % 
(weight). This result confirms convincingly the semi quantitative result value given by 
the EDS analysis. 
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The data displayed by the software (inter reticular distances and corresponding peak 
intensity) allows to calculate the crystallographic cell parameter of the supersaturated 
and aged Pb-Sb.  

solid solution.  We used a standard method to refine the calculated cell parameter. 
This method is described as the Nelson-Riley [9] method and is based on an 
extrapolation function:  

tgθ
∆θ

d
∆d

=     (4) 

This equation lets predict that the error made on the inter reticular distance d and 
hence on the cell parameter a decreases when the Bragg angle reaches a great values (≈ 
90°). This error is compensated by the extrapolation function F(θ) of NELSON and 
RILEY [9] given by:  
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 (5) 

The minimisation of this error is ensured when an extrapolation for F(θ)=0 is made. 
The refined cell parameter is then deduced for an  extrapolation at F(θ)=0 of the a vs. C 
plot. The cell parameter value found (aPbSb = 4.9498 Å) is slightly lower than the value of 
the cell parameter of the pure Pb (aPbSb = 4.9502 Å). This contraction is called “Standard 
contraction” [10] and has been found to occur in several binary metallic systems [11]. 
Several models have been proposed to explain this contraction. They are all based on the 
consideration of differences of the atomic size between the solvent and the solute, the 
valence or the electronegativity. In other words there is a greater attraction between a 
solvent and solute atom than between two like atoms, and the mean interatomic distance 
is thus decreased.  The atomic radii and electronegativity for Pb and Sb are Respectively 
1.83 and 1.53 Å, 2.33 and 2.05Å .We can assume that the cell contraction in this system 
is both due to the size effect and to electronegativity.  
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Figure 3:  Evolution of the cell parameter of the solvent versus the Nelson and Riley                 
extrapolation  function for a supersaturated Pb-Sb solid solution, water quenched and 
aged at the  ambient temperature during one week. 

Chatterjee et al.[12] studied the strain distribution in cold worked Pb-Sb alloys 
from X-ray line profile analysis. They deduced cell parameters values using two 
different approaches. Their values are different from our results.  Whereas their alloy 
samples were cold worked and/or cold worked and aged at 200° C for 5 hours. Our 
samples were not cold worked.  

They found that for two initial concentrations 0.85 and 1.69 Sb % (weight), there is 
an expansion of the cell rather than a contraction. The cell parameter varying from 4,951 
Å to 4,953 Å respectively. Their values lead to a distortion factor η equal to + 0.505*10-3 

(this factor is defined by equation (6)  below). These authors found the same evolution 
for other Pb based alloys (Pb-Sn [10] and Pb-Bi [13]) in almost the same microstructural 
states. 

 Abd El-Khalek et al[14]. studied the effect of structure transformations on the 
stress-strain characteristics of the Pb-3Sb and Pb-3Sb-1Sn %(in weight).They reported a 
reduction of the cell parameter during the in situ tensile tests between 200 and 230° C 
This reduction was associated with the effect of dissolution of the Sb precipitates in the 
matrix by a combination  of a thermally activated process and an internal stress 
relaxation. Their results corroborate those of Chatterjee et al. [12] on the expansion of 
the cell. These differences with our finding primarily and fundamentally seem to be due 
to the microstructural states of the samples studied and to the methods of calculation  
and refinement of the cell parameters used. Principally, the main effect may arise from 
an incorrect exploitation of the broadened and shifted X-ray lines due to the high level of 
deformation imposed.     
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Various models of the theory of elasticity of continuous mediums (elastic model of 
Friedel for example) [15,16]allow to estimate the stored energy and the distortion factor 
in the solvent medium resulting from an inclusion of solute atoms. This energy is given 
by the relations (3) [16] and (4) [17] below :  
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where ΩB * is effective molar volume by atom of the solution, ΩA is molar volume 
and µ the modulus of rigidity of the matrix and f (C) is a linear function of the 
concentration C. 

Moreover, this energy is considered to be the enthalpy of dissolution which is given 
by the equation [16]: 
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where XBs is the composition of balance at the temperature T. The value of ∆Hs, is 
given by the slope of the plot ln (XBs) vs. 1/T. This procedure leads to value of – 22.3 
k.J/mol for Pb-Sb alloys. 

 The distortion parameter is given by: 
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One of the authors Safi [17]  have determined η and obtained the value           η = -
1.0207 * 10 -3  from the curve of the evolution of the PbSb cell parameter a versus C. 
Our results are in good agreement with his. The theory of the elasticity of the continuous 
mediums gives an estimate of this parameter according to the equation:  
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Where K is the coefficients of rigidity and given by: 
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2ν  1 x +
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And ν the Poisson's ratio of the solvent and KB is the coefficients of rigidity of the 
matrix. Equations (6-9) lead to  a value of η = - 1.1282*10 -3.This last theory, if it does 
not give an exact value of the parameter of distortion, can predict its sign correctly. 

 In the case of alloy of our interest, obviously, the effect of contraction is well 
predicted. 

Conclusion:  

The EDS chemical analysis and the XRD spectra analysis allowed to determine the 
solute Sb content in a supersaturated and aged Pb-Sb solid solution. It has been found 
that a small scatter exists between the two approaches. The cell parameter measurement 
has shown a small contraction effect of the solvent cell.  

  

تحليل نتائج مطيافية تفريق الطاقة الالكتروني وحيود الأشعة السينية لمحلول فوق 
 ناالمشبع لسبيكة من الرصاص والأنتيمو

  

  فادي ابوحلو، محمد صافي، باية عليلي، برادعي

  

  ملخص

ــي          ــكوب الالكترونـ ــي الميكروسـ ــات فـ ــسينية أو للالكترونـ ــعة الـ ــة للأشـ ــق الطاقـ ــة تفريـ ــائج مطيافيـ إن نتـ
قديم مـاخود مـن سـبيكة مكونـة مـن الرصـاص       ) ما فوق المشبع (حليل حيود ألأشعة السينية داخل محلول       وت
  .نتيموان معروضةالأو

وتحديد وسـيط الخليـة الأساسـية يثبـت         . تحليل هذه النتائج يثبت أن هناك فرق طفيف بين التجربتين         
  . أن هناك تأثير طفيف لتركيز العنصر المضاف
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Abstract 

Mapping of natural radionuclides from airborne gamma spectrometry suffer from 
random ”noise” in the spectra due to short measurement times. This is partly 
compensated for by using large volume detectors to improve the counting statistics. One 
method of further improving the quality of the measured spectra is to remove from the 
spectra a large fraction of this random noise using a special variant of Singular Value 
Decomposition: Noise Adjusted Singular Value Decomposition. In 1997-1999 the 
natural radionuclides on the Danish Island of Bornholm were mapped using a 
combination of the standard 3-Windows-Method and NASVD. The method was found to 
improve the data quality significantly and was a valuable tool to locate abnormalities. 

Introduction 

In the years 1995-1996 the second investigation of the risk of radon in Danish 
houses took place [1]. 3019 dosimetry measurements in Danish one-family houses 
showed that the recommended limit for indoor radon concentrations in new buildings, 
200 Bq/m3, was exceeded for 4.6% of the houses. This amounted to 65,000 houses for a 
population of 5.2 mill people, of which 69% was living in one-family houses. On the 
Danish Island of Bornholm the value was exceeded for 16.5% of the houses. 

As a consequence of this it was decided to conduct a survey of Denmark with the 
aims of finding the high-risk areas. Basically, this was to be done by creating a map of 
the abundance of the natural radionuclide uranium. Bornholm was chosen to be surveyed 
first and the AGS, Airborne Gammy Spectrometry, mapping was started in 1997. The 
survey was discontinued due to weather conditions but finished in 1999. 
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The method used for the mapping of Bornholm, The Short-Cut Method, was 
developed at The Technical University of Denmark [2, 3]. It is a combination of the 
standard 3-Windows Method described by IAEA (Ref. 4) and a spectrum decomposition 
method, NASVD, developed by J. Hovgaard in 1997 [5, 6]. 

NASVD 

NASVD sorts a group of measured spectra into a series of different basic spectrum 
shapes, spectral components, according to the importance of the shapes. The most 
important single spectrum (to represent all spectra in a group of spectra) is the mean 
spectrum, s0. This spectrum is first subtracted from all measured spectra, and the second 
most important spectrum shape to represent the remains, s1, is then calculated etc. In 
principle there are as many spectral components as there are channels in the analysis, 
however, spectral components of higher order contain only noise. NASVD is based on 
the theory of linearity: each measured spectrum can be reconstructed as a linear 
combination of the spectral components. NASVD calculates a set of amplitudes 
(amounts) for each spectrum, bj,i, to be used in the reconstruction. During reconstruction, 
noise components are discarded and thus statistical noise is removed. Usually only four 
(to six) spectral components are necessary to reconstruct all measured spectra. 
Reconstruction is performed according to Equation (1) with rj representing the 
reconstructed count rate spectrum for measurement No. j. LTj is the live time for 
spectrum No. j, s0 is the average spectrum (cps), si, is spectral component number i 
(counts) and bj,i is the amplitude of si to be included in the reconstruction of spectrum 
No. j. 

jj,j,j,j LT/)bbb( maxmax22110 ... ⋅++⋅+⋅+= ssssr  ................................ (1) 

The spectral components may show both negative and positive full energy peaks. 
Figure 1 shows an example of this. The measurements were made with a 4L NaI detector 
at 2.2 m above the ground using a 512-channels multichannel analyser. 

NASVD produces a negative 208Tl (2615 keV) peak in channel 418, negative peaks 
from the uranium decay chain are seen e.g. in the channels 102 (609 keV) and 60 (352 
keV) - but in channel 238 (1461 keV) there is a positive potassium signal. 
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Figure 1. Spectral component from CGS measurement. 

 

This occurs in spectral component 2 meaning that the independent variation of K 
versus U and Th is quite important. A negative value of the b2-amplitude would signify a 
low K-concentration and a positive value would mean a higher concentration of K (and 
inverse for U and Th). 

The 3-Windows Method. 

The 3-Windows Method is based on spectrum stripping. The radionuclide X 
window contains contributions from other radionuclides in addition to the contribution 
from radionuclide X itself. Consider the Figures 2 – 4. Figure 2 shows a potassium 
spectrum with the position of the K-window shown. Figure 3 and 4 show spectra for the 
uranium and the thorium decay series respectively with window positions shown. 

It is seen that both U and Th produce counts in other windows than their own, 
whereas K contributes very little to windows covering higher energy intervals. (The 
spectra were measured in the laboratory using a 16L NaI detector with a 512-channels 
multichannel analyser.)  

    The Danish AGS system (16L NaI, Exploranium) uses the following windows: K 
chns. 238-271, U chns. 290-323 and Th chns. 416-483 for the energy calibration Eγ = 
0.00023 · (chn)2 + 5.756· (chn) – 20.64 keV.  

Figure 5 shows the stripping schematics. The symbols indicated are the stripping 
factors. α, β, and γ vary with the survey height in a linear fashion (Figure 6) with a 
contribution from the product of the height attenuation coefficient and the equivalent 
survey height. Equivalent means that the attenuation from the aircraft hull is added to the 
measured height. For the Danish system (Fennec helicopter) this contribution amounts to 
30 m air equivalent. 
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Figure 2. Potassium spectrum.         Figure 3. Uranium series spectrum. 
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AGS 16L NaI(Tl): The Thorium series
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Figure 4. Thorium series spectrum.          Figure 5. Stripping factors. 

The 3-windows method is based on solving the three equations (2) with respect to 
cX, where cX is the ground concentration of radionuclide X and sX is the sensitivity of 
radionuclide X, often presented in the units cps/ppm. For AGS, the sensitivities, sX, also 
vary with the survey height and can be represented by an exponential equation including 
the height attenuation coefficient, µobs, and the equivalent height H (Figure 6). 
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   (2) 

Typical values for the Danish system are sTh = 2.83 cps/ppm with µTh,obs = 0.00743 
m-1, sU = 4.54 cps/ppm with µU,obs = 0.00840 m-1, and sK = 48.51 cps/% with µK,obs = 
0.00940 m-1 [7]. 
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Figure 6. Height dependency of stripping factors and sensitivities. 

The Short-Cut Method. 

Instead of reconstructing all spectra, a time consuming process, it is possible to use 
the 3-windows-method directly on the spectral components, treating the components as 
if they were real measured spectra. 

This means that instead of operating on a single spectrum and solving three 
equations with three unknowns according to Eq. (2) one has a set of equations of the 
type; one set for each spectral component.  

The concentrations, in Eq. (2) named c, resulting from this procedure will not be 
ground level concentrations. Instead each spectral component is assigned a certain 
radionuclide content. For each radionuclide the contributions from all spectral 
components must be added to produce the ground level concentrations. Using the 
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symbol ex,i to represent the content of radionuclide X in the spectral component si and 
substituting the spectrum window count rate symbol r with the symbol u to indicate 
spectral component window count rates, and finally organising all stripping factors and 
sensitivities in one single matrix, M, one gets the following equation: 

EMU =  (3) where 
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Since NASVD includes the background in the mean spectrum, s0, the background 
count rates ub,Th etc. must be subtracted before the matrix calculations are done. Solving 
Eq. (3) with repect to E, gives: 

UME -1= ...................................................................................................... (4) 

The radionuclide contents, eX,i may be either positive or negative (please confer 
Figure 1).  

To obtain the physical concentrations at ground level the radionuclide contents in 
each spectral component must be multiplied with the amplitude value corresponding to 
each spectral component. Again, the content of radionuclide X in the mean spectrum, 
e0,X, is based on count rates whereas the contents in the other spectral components are 
based on counts. The physical concentration (e.g. ppm or Bq/kg) of radionuclide X in 
measurement No. j then becomes, Eq. (5): 

jj,,xj,,xj,,x,xj,x LT/)bebebe(ek maxmax22110 ... ⋅++⋅+⋅+=  .............. (5) 

The Bornholm Survey. 

The measurements were made with a Fennec helicopter with an average survey 
height (actual) of 82 m, a line spacing of 200 m and a sampling frequency of 1 s (real 
time). The equipment used was a 16L NaI detector of the Exploranium type connected to 
a 512-channels multichannel analyser positioned inside the aircraft, Figure 7. The 
background was measured above sea level one to three times a day and was found to 
change on a daily basis. Figure 8, shows two background spectra, one from 1997 and 
1999. The differences are partly caused by a change of the helicopter interior partly by 
weather conditions. The count rates in the Th- and K-windows vary much less than in 
the U-window. This emphasises the importance of proper background correction. (The 
background is in general 20% or more of a measured spectrum.) 
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Figure 7. Equipment (F. Andersen, 
DEMA).  

   Figure 8. Background measurements 1997 and 1999. 

The spectral components resulting from the NASVD processing of the Bornholm 
data set are shown in the figures 9 to 13. Spectral component s1 very much resembles the 
mean spectrum, s0. Figure 11, shows a strong, positive potassium signal with weak 
negative uranium and thorium signals. An additional benefit from NASVD processing is 
a “free” check of the data quality. A spectrum shape like the one shown in Figure 12, 
spectral component s3, immediately tells that the energy calibration of the system has not 
been constant during the survey.  
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Figure 9. Mean spectrum, s0.  Figure 10. Spectral component s1. 

This s-shaped component is usually referred to as a spectrum drift component. The 
later this component occurs, i.e. the higher the number of the component in which it 
occurs, the better are the data. If the standard 3-Windows Method is applied per 
automation there is a risk that the full energy peaks may be partly outside the window. - 
Even non-mobile measurement systems making repetitive measurements will show this 
component that will occur as early as component number s1 or s2, depending on whether 
or not environmental radon changes have taken place. Figure 12 shows this to some 
extent. The uranium full energy peak around channel 307 is almost non-existent, but the 
609 keV peak from 214Bi around channel 110, radon daughter, is easily observed. 
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Figure 11. Spectral component s2.  Figure 12. Spectral component s3. 
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Bornholm 1999: Noise
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Figure 12. Spectral component s4.  Figure 13. Spectral components s6 and s7. 

Spectral component s6 still shows features that resemble a spectrum, but spectral 
component s7 almost only contains noise. When reconstructing the measurements 
according to Eq. (1) or using the short-cut method, the spectral components s7, s8 etc. are 
not included. The statistical noise is in this way removed from the data. 

Survey results. 

Some results from the survey will be presented here. Figure 14 shows the uranium 
map of the island. The colour scale range from 0 to 4 ppm eU. eU means that 
equilibrium in the uranium decay chain has been assumed. The highest concentrations 
are found around the brook Læsåen between Kalby and Strøby where alum shale is 
found (492800, 6101400), at the Rønne granite quarry (482500, 6107500), Ekkodalen – 
a cleft - (492500, 6107500) and at the NV corner of the island, where the Vang granite 
quarry is located and where the rocks at Hammeren protrude the surface, i.e. free granite 
areas. Dueodde, the sandy beach at the SE corner of the island, contains very little 
radioactivity at all. 

   During the data processing some unknown features came up. The most surprising 
were found in the area around Hundshale, Kalby, and Sose. The figures 15 to 17 show 
the radionuclide contents in the soil for this area. (The colour scale for uranium is the 
same as presented in Figure 14.) 
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Figure 14. Uranium map of Bornholm. Equilibrium concentrations. 

  
Figure 15. Thorium map. Equilibrium concentrations. Figure 17a. Uranium map. Original data set.  

  
Figure 16. Potassium map.   Figure 17b. Uranium map. Extra spectra. 
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The concentration of uranium around Hundshale was very high compared to the 
average concentration. This was verified from Ge(Li) measurements on soil samples and 
dose rate measurements. The soil sample concentrations were approx. K 1.9 %, Th 6.6 
ppm, and U 4.0 ppm on the average. Around Sose the soil sample concentrations of K 
were approx. 2.5%, Th 10 ppm, and U 2.6 ppm. That the concentrations should be that 
high was not seen on the first map produced. It was therefore decided to try something 
new. 

    When data are NASVD processed, NASVD sorts the information in order of 
descending importance. A small area of land that has special features will be given low 
priority due to only a few measurements made on that site. The more measurements of 
the same type one has, the more important they become. With this in mind the spectra 
measured in that area were doubled and added to the original data series that was then re-
processed. The results are shown as the figures 15 to 17. Figure 17a shows the uranium 
map of the original data and Figure 17b shows the uranium map due to addition of extra 
spectra. Adding extra spectra in this way could be thought of as illegal data 
manipulation. However, the new results were found to fit better with the real soil 
concentrations found from the soil samples and the dose rate measurements. The 
standard 3-Windows Method could never have obtained this. Here, addition of extra 
measurements (repetition of the same measurements) would only lead to extra results 
that were exactly the same. The combination of the two methods has proved to be a good 
idea. 

Other applications of NASVD. 

Here, only the short-cut method for mapping of natural radionuclides has been 
described. However NASVD has also been used for mapping of 137Cs fall-out in Sweden 
(RESUME99, [8]), in Scotland (ECCOMAGS, [9]), and it was the only applicable tool 
for the mapping of the very low level 137Cs fall-out in Latvia with equivalent ground 
level concentrations down to 0.5 kBq/m2  [10, 11]. This use of NASVD eliminates the 
need for 137Cs stripping factors. 

It has also proved to be a valuable tool in the search for orphan sources at the 
Nordic Nuclear Safety Research exercise, Barents Rescue, in 2001 [12, 13]. NASVD is 
able to detect sources either by immediate identification by full energy peaks or by 
scattered radiation only, see Figure 18 that shows the downward scatter from a 137Cs 
point source. 
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Figure 18. NASVD spectral component: source 
identification from scattered radiation only. 

NASVD is today used at the Danish Early Warning Stations (permanent monitoring 
stations) to distinguish between natural variations (i.e. radon) and possible variations 
caused by manmade disturbances; the latter with a detection level down to 5-8% above 
local natural average dose rate [14]. 

The latest use (in progress) is the use of NASVD in the fitting of CGS (Carborne 
Gamma Spectrometry) spectra measured in city areas. The method, Fitting with Spectral 
Components (FSC) uses a set of basic spectra previously produced to fit new 
measurements [15]. 

Conclusions. 

NASVD has proved itself a valuable tool in the processing of gamma spectrometry 
data and can be recommended especially to users familiar with the 3-Windows-Method. 
NASVD gives immediate information of existing variations in the ratios between the 
natural radionuclides and – combined with GPS data - locations of special soil 
compositions of interest are identified fast. Also NASVD is a very efficient tool in the 
search for shielded sources that can only be identified by multiple-scattered photons.  

Users of gamma spectrometry on topics not related to mapping may still benefit 
from an NASVD processing of measured data; e. g. changes in the concentration of 
radon daughters in the air will be detected by NASVD even from measurements from 
stationary spectrometry systems and the early or late occurrence of a spectrum drift 
component will give valuable information of the quality of the measured data. 
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  مواضع العناصر المشعة باستخدام جهاز تعديل التشويش أحادي التحليلتحديد 
  

  هيلي آجي

  

  ملخص

تتــأثر عمليــة تحديــد مواضــع العناصــر المــشعة باســتخدام مطيــات جامــا مــن التــشويش العــشوائي بــسبب  
ا، قصر زمن أخذ القراءات، ويمكن تعـديل ذلـك باسـتخدام كواشـف كبيـرة الحجـم لتحـسين القـراءات إحـصائي                       

كما أن هنالك طريقة أخرى لزيادة دقة الطيف باستبعاد جزء كبيـر مـن التـشويش العـشوائي باسـتخدام جهـاز                     
 جـرى تحديـد العناصـر المـشعة فـي جزيـرة بـورنهلم               1997 – 1999خـلال الأعـوام     . خاص أحادي التحليل  

وجـد أن هـذه   .  التحليلاز تعديل التشويش أحادي الدنماركية بالاستخدام المركب لجهاز ثلاثي التحليل وجه      
  .الطريقة تحسن نوعية القياس كثيراً وهي طريقة مفيدة جداً في تحديد مواقع النشاط الإشعاعي
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Abstract 

Water samples from mountain springs, streams and river systems in the Western 
Himalaya were collected and analysed in the laboratory for uranium and radon contents.  
It was observed that Himalayan river system is conspicuous by its high dissolved 
uranium and radium concentrations.  Water samples contained from 0.89 to 63.40 ppb of 
uranium from 34 to 364 Bq/1 of radon.  The radon emanation in soil was measured by 
track-etch method, emanometry, and alpha-logger techniques.  Daily and long-term 
variation of radon was monitored in some U-mineralised zones of Himachal Pradesh and 
Uttranchal States with high uranium content in soil.  There is a need to undertake 
epidemiological study correlating cancer risk with high uranium and radon values in 
environment. 

Introduction 

The measurement of uranium and radon in environment, in general, and in the 
Himalayan ecosystem, in particular, is of special interest to mankind.  It has long been 
known that radon is a causative agent of lung cancer, when present in high 
concentrations, as observed in uranium mines[1,2]. The health hazard of radon is 
principally due to its short-lived daughters: 218Po, 214Bi and 214Po.  During recent years, 
several reports have demonstrated the ever-increasing interest in monitoring radon in 
indoor environment of dwellings all over the world [3-7]. 

Geochemical investigations for uranium deposits are based on the ability of 
uranium and its disintegration products, radium and radon, to dissolve in water and 
migrate together in Himalayan rivers and streams.  One of the conspicuous 
characteristics of the Himalayan river system is its high dissolved uranium 
concentration, ∼2 µg/1, compared to the global average of 0.3 µg/1 in river waters.  The 
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Ganges and Brahmaputra, together, transport about 1,000 tonnes of dissolved uranium: 
the estuaries of the Bay of Bengal annually [8,9].  Radon estimation in soil-gas, ground 
water and atmosphere is an established technique in uranium exploration[10, 11], 
environmental hazard assessment[12,13] and more recently in earthquake prediction [14-
17].  222Rn is a long-lived isotope out of the three radon isotopes and is thus more mobile 
in natural environment than other elements in the uranium series.  It is used as an 
effective tracer in understanding geophysical processes that induce fluid motion in the 
ground.  Prolonged exposure to radon and its daughter products may account for an 
increasing incidence of lung cancer among the mine workers.  Because of its importance 
in human life, it is of considerable interest to measure radon in air, soil and water for 
uranium exploration, environmental pollution and earthquake prediction in the Western 
Himalaya. 

Uranium/Radon Measurement Techniques 

Uranium estimation in soil 

There are various methods of uranium estimation , viz., gamma-ray spectrometry, 
mass spectrometry, laser flourimetry, autoradiography, neutron activation analysis and 
fission track-etch technique.  The latter one was used in our sample analysis due its 
simplicity and lower detection limit.  Soil samples were collected from bore holes and 
dried in oven at 1500C for .2 hr.  Fifty mg of soil sample was mixed thoroughly with 
100mg of methyl cellulose powder used as a binder and the mixture was pressed into a 
pellet, about 1.3 cm diameter and o.1 cm thickness, using a hand press.  Lexan  
polycarbonate discs of the same diameter were pressed against both sides of each pellet.  
The capsule was got irradiated in CIRUS reactor at BARC, Mumbai using a thermal 
neutron fluence of 106 n/cm2.  After irradiation, Lexan discs were etched in 6.25 NaOH 
solution at  700C for 40 min.  Fission track density was measured using a Carl Zeiss 
binocular microscope with a calibrated eye-piece graticule.  The comparison between 
track densities on the Lexan discs surrounding the soil pellets and dosimeter glass pellet 
gives the average value of uranium content by the relation [18,19]. 

Uranium estimation in water 

The experimental procedure for uranium estimation in water is based on fission 
track technique [18,20,21].  A known volume of water (two drops ≅ 0.04 cm3) of each 
sample was allowed to evaporate on Lexan plastic discs (1.3 cm diameter) in an air-tight 
enclosure.  Non-volatile constituents of water were left over the discs in the form of a 
thin film/scale.  The discs were packed in an aluminium capsule and sent for irradiation 
as the case of soil samples.  After irradiation, Lexan discs were etched and the total 
number of fission fragment tracks counted.  The detection limit of this method is 0.01 
ppb, with a precision of 5-10%.  The uranium content in water was determined using the 
following formula[21]: 

Where   T= Total number of tracks counted over the disc. 
 M= Atomic weight of uranium (238). 
 V-Volume of water drop (0.04 cm2). 
 NA = Avogadro number (6.023x1023). 



Environmental Radioactivity Surveys in Western Himalayas 

 
35

 G = Geometry factor which is taken as unity. 
 E = Etching efficiency factor for Lean Plastic. 
 σ  = Fission cross-section for 238U (4.2x10-24 cm2). 
       ϕ = Thermal neutron fluence (5x1015 n/cm2). 

Radon estimation in soil 

Both track-etch technique and radon emanometry were used to estimate radon 
concentration in soil-gas.  In track-etch method, radon-thoron discriminator (Fig. 1), 
with cellulose nitrate (LR-115 II) film as track recorder, was used [22].  The 
discriminator was kept in the auger hole 60 cm deep for a period of 4 weeks.  After 
retrieval, the detector film was etched in 2.5 N NaOH solution at 600C for 2 hr.  Track 
density was measured by Carl Zeiss binocular microscope and radon was estimated by 
using calibration factor [23] of 1 teaK/MM2/HR=82.5X103 Bq/m3. 

 
Fig.1: Block Diagram of close-circuit technique for radon emanometry 

In radon emanometry, the auger holes, each 60 cm in depth and 6 cm diameter, 
were left covered for 24 hr.  the soil-gas probe was fixed in the auger hole and connected 
to an alpha-detector in a close-circuit (Fig. 2).  The soil-gas was circulated through ZnS 
(Ag) coated chamber for 15 min till the radon forms a uniform mixture withy the air.  
The detector was then isolated and radon alpha counts were recorded after 4 hr when 
equilibrium was established between radon and its daughters.  The alpha counts were 
converted to radon activity in Bq/m3 using the calibration factor [23]. 

 
Fig. 2: Apparatus for radon estimation in water 
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Radon estimation in water 

The apparatus designed for the estimation of radon in running tap or well water was 
discarded and the discrete sampling method (Fig.3) was adopted for convenience.  
Hundred ml of each sample was collected in radon-tight reagent bottles of one litre 
capacity and connected to a conical flask through a hand-operated rubber pump and a 
glass bulb containing Ca CL2 to absorb moisture.  LR-115 type II detector foils were 
kept suspended in the conical flask for 15 days.  The radon gas was transferred from the 
reagent bottle to the flask by bubbling water and sucking the gas with the help of the 
rubber pump.  This closecircuit technique is quite effective in radon estimation in dry or 
wet air.  The detector foils were etched in 2.5 N NaOH solution at 600C for 2 hr and 
scanned under Olympus microscope at a magnification of 600X.  Track density was 
converted to radon concentration in Bq/m3 with a precision of 5-10%. 

Radon estimation in indoor air 

The sources of radon inside the dwellings are mainly soil beneath and the building 
materials used in the construction  For environmental survey, both the track-etch method 
and the electronic counters have been used.  Plastic foils, LR-115 type II, 2 cm2 each, 
were  fixed on the glass slide with the help of scotch tape and suspended from the roofs 
of dwellings.  After an exposure of one month, the detector foils were removed and 
etched in the laboratory.  The measured track density was converted to radon 
concentration in indoor air by using a calibraion factor[23].  The electronic alpha-
counter using pulse-ionisation chamber is found to be most suitable for radon estimation 
in environment.  We have used Alpha-Guard PQ 2000 (Genitron Co., Germany) which is 
portable, direct reading and with a detection limit of 1 Bq/m3.  It has the advantage of 
measuring radon along with meteorological parameters in indoor environment, viz., 
temperature, pressure and humidity.  Hence, it is possible to study radon correlation with 
meteorological variables during different seasons of the year.  Alpha-Guard can be used 
to measure both instantaneous and integrated values of radon concentration inside the 
indoor air of dwellings.  We have used to cross-check our radon results using this 
sensitive and rugged instrument. 

Results And Discussion 

The uranium and radon concentrations in soil samples collected from different 
geological areas of Himachal Pradesh in the lower Siwaliks of Western Himalaya are 
summarized in Table.1.  There are extreme variations of radon and uranium contents 
even at the same site suggesting disequilibrium in the radioactive uranium series.  
Maximum values of radon are recorded in Chhinjra, Samurakala and Rameda areas of 
Himachal Pradesh which are identified for uranium mineralisation[24, 25].  These results 
are corroborated by the gamma activity and in-situ uranium content in the soil of this 
area.  This clearly indicates that radon can be used favourably for the exploration of 
uranium ore.  Radon anomaly is also recorded in Kasol which is, however, not 
correlatable with uranium content in the soil.  Generally, the track-etch method yields 
higher radon values compared to emanometry because of its integrating nature of 
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measurement.  Radon and uranium anomalies identified in water samples collected from 
rivers, streams  and thermal springs of Western Himalaya are reported in Table 2.  The 
highest value of uranium content (63.40±0.40 ppb)  is observed in Maldeota area which 
is related to uranium mineralisation of Mussoorie syncline[26] with uranium content as 
high as 612 ppb in phosphorite samples.  The Kasol hot spring also records high uranium 
content of 37.40±0.41 ppb  and the highest radon concentration of 364.45±30.34 Bq/m3.  
The uranium contents in water samples of mountain springs falling into river Ganga 
show anomalous values which may be explained due to Pokhri-Tunji mineralisation[27].  
It is obvious that radon and uranium anomalies reported in Table 2 are related to 
uranium mineralisation in the area through which the water channels flow. 

Table 1. Radon and uranium concentration in soils of different geological areas. 
Place  

 

Radon concentration (Bq/l) Uranium concentration 
(ppm) 

 

 Emanometry  Track-etch method Track-etch method  

 Minimum Maximum Minimum Maximum Minimum Maximum 

Himachal Pradesh       

Chinnjra 4.44±0.37 567.98±0.37 9.26±7.77 92.87±6.66 6.62±0.42 86.93±1.75 

Samurkala 2.22±0.37 53.65±2.59 3.33±0.37 151.33±7.77 2.85±0.24 116.14±3.19 

Kasol 7.77±0.74 3468.01±304.51 23.68±1.85 4385.61±377.77 5.50±0.32 12.89±0.55 

Rameda 6.29±0.74 803.64±1.11 101.01±7.77 3201.24±91.76 1.85±0.11 117.94±2.76 

Table 2. Radon and uranium anomalies identified in water samples of Western 
Himalaya. 

Sample location  Area Radon content 
Bq/m3 

Uranium 
content (ppb) 

Remarks 

Shat-Chhinjra Kulu 323.01±27.75 8.02±0.07 Related to Shat-Chhinjra 
and Kasol mineralisation 
(Narayan Das et al., 2979) 

Kasol (Hot 
spring) 

Kullu 364.45±30.34 37.40±0.41 Related to Shat –Chhinjra 
and Kasol mineralisation 
(Narayan Das et al., 1979) 

Maldeota Dehradun 323.01±22.94 63.40±0.40 Related to mineralisation of 
Mussoorie Sysncline 
(Saraswat et al., 1970) 

Paritibba Dehradun 203.50±23.31 26.47±0.41 Related to mineralisation of 
Mussoorie Sysncline 
(Saraswat et al., 1970) 

Jungle Chitti Garhwal 207.20±22.20 12.64±0.14  

Nand Paryag Garhwal 159.10±22.20 33.40±0.30 Related to Polhri-Tunji 
Mineralisation (Dar, 1964) 

Nangal (Choe) Siwalik 223.11±19.24 21.08±0.24  
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Water samples were collected from streams and channels of river Ganga from 
Badrinath to Hardwar and analysed in the laboratory for uranium and radon activity.  
The results are presented in Table 3.  The highest uranium content in Ganga Water is 
reported near Rishikesh and Hardwar, where the river enters the plains.  No correlation 
seems to exist between uranium content and radon activity reported in water samples.  
Similar results are reported by Sarin et al.[9] about the uranium content in the river 
Ganga and its tributaries.  Minimum uranium content of 0.89±0.02 ppb is determined at 
Dev Prayag, the junction of Bhagirathi and Alaknanda.  However, the radon content is 
estimated to be 224.22±21.83 Bq/m3 which is highest for Ganga water.  High radon 
values may be due to radium separated from uranium and precipitating for a long time 
on the walls of fractured rocks[28].   

Table 3. Uranium and radon contents in water channels of river Ganga. 

Sample Location No. of samples 
studied 

Uranium contents 
(ppb) 

Radon content 
(Bq/m3) 

Badrinath 2 3.95±0.07 65.12±11.84 

Ram Dungi 2 2.39±0.05 187.96±15.91 

Karan Prayag 2 3.56±0.07 133.94±25.16 

Rudr Prayag 2 4.81±0.05 166.87±18.50 

Dev Prayag 1 0.89±0.02 224.22±21.83 

Rishi Kesh 2 8.00±0.09 128.39±16.65 

Hardwar 2 7.79±0.09 47.73±11.10 

The radon concentration values in indoor environment are depicted in Table 4.  A 
comparison can be made between radon values recorded in the houses of Amritsar (non-
uraniferrous area) with those recorded in the houses of Rameda, Rawatgaon and 
Samurkala villages situated in the  uraniferrous zones of H.P. state. These values are 
recorded under different environmental conditions and provide a wide range of variation 
due to ventilation, wind direction, weather conditions etc. Maximum radon concentration 
is found in indoor air of houses in Rameda area which is an order of magnitude higher 
than the value recorded in Amritsar[29]. High radon values are also recorded in the 
dwellings of Rawatgaon and Samurkala which may be due to presence of radioactive 
building materials (boulders etc.) used in the construction of houses or due to seepage of 
radon-rich soil-gas from the basement. The indoor radon values are found to be 
correlated with outdoor radon values only for the well-ventilated rooms. In general, 
anomalously high radon values in the houses of Rameda,  Rawatgaon and Samurkala in 
H.P. state are beyond the intervention level (200-600 Bq/m3) recommended by the 
International Commission on Radiological Protection[30], and are a cause of serious 
concern for the general population living in these villages. The annual effective dose 
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received by the village population in Rameda is 22.56 mSv (safety limit 10 mSv)[32] 
and the lifetime fatality risk calculated on the basis of [31] is 11.28x 10-4 on the average. 
Hence, there is a need for undertaking epidemiological health hazard to general 
population living in the uranium-mineralised zones of Western Himalaya.  

Table 4. Radon concentration in indoor enviroment. 

Place Radon concentration (Bq/m3)  

 Minimum Maximum 

Amritsar 36.26±4.07 303.40±11.84 

Rameda 1031.93±78.44 2413.51±217.19 

Rawatgaon 348.17±33.67 1208.79±92.87 

Samurkala* 442.00±0.00 1254.00±0.00 
* Singh, J. (1995) 

 

Table 5. Radon and uranium contents in water samples of Western Himalaya. 
Sample location No. of 

samples 
Radon contents (Bq/m3) Regional 

threshold  
Uranium contents (ppb) Regional 

threshold  

  Minimum Maximum (Bq/m3) Minimum Maximum (ppb) 

Kulu 25 64.38 364.45 231.62 0.89 37.40 5.62 

Kangra 30 34.04 202.76 172.05 0.20 2.31 2.70 

Punjab Siwaliks 33 105.82 223.11 197.21 0.42 21.08 5.86 

Garhwal 19 47.73 345.21 212.75 0.89 33.40 8.01 

Dehradun 13 130.24 323.01 190.55 2.41 63.40 8.72 

 

Table 6. Radon concentration in Thermal/Natural Springs of Uttaranchal State. 

Name of Place Source Radon Conc. (Bq/l) 

Suryakund, Yamunotri Thermal Spring 0.8±0.3 

Gangnani Thermal Spring 2.6±0.5 

Netala, Gangnani Natural Spring 1.1±0.3 

Gauri Kund, Kedar Nath Thermal Spring 4.4±0.7 

Kund (on way to Kedar Nath) Natural Spring 2.6±0.5 

Rudraprayag Natural Spring 3.1±0.6 
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Regional threshold values and uranium concentration in water samples collected 
from springs, streams and rivers of Western Himalaya are listed in Table 5 along with 
the minimum and maximum values. Regional threshold for uranium in the Ganga river 
basin (Garhwal, Dehradun) is found to be higher than Beas and Satluj river basins (Kulu, 
Kangra and Punjab Siwaliks). Scintillometry technique was used to collect radon data 
(Table 6) of some thermal/natural springs of Uttaranchal State. The values are found to 
be surprisingly low with variation from 0.8±0.3 to 4.4±0.7 Bq/l.  

 

  تقييم الاشعاعات البيئية في غرب الهملايا
  

  هاردف فيرك

  

  ملخص

جمعت عينات من الينابيع الجبلية ومن الجدوال والأنهار في غرب الهملايا ثم حللت في المختبر لمعرفة 
ما تحتويه من اليورانيوم والرادون، لوحظ بوضوح أن أنهار الهملايا تحتوي على تراكيز عالية من 

 من Bq364-34/1 من اليورانيوم و ppb 63.40 – 0.89ادون، احتوت عينات الماء على اليورانيوم والر
قيس انبعاث الرادوزن من التربة باستعمال طريقة إظهار المسار وتقنية أشعة ألفا، لقد تمت مراقبة . الرادون

 وولاية اوترانشال التغيرات اليومية والتغيرات طويلة المدى في مناجم اليورانيوم في ولاية هيماشال برادش
التي تحتوي على كميات كبيرة من اليورانيوم في تربتها، هناك حاجة للمتابعة الصحية لمعرفة مخاطر 

  .التعرض للإصابة بمرض السرطان مع زيادة وجود اليورانيوم والرادون في تلك المناطق
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Abstract 

This paper concentrated on studying the advantages of using polymer modified 
bitumen (PMB), in producing polymer modified asphalt (PMA), as an asphaltic concrete 
membrane facing with variable thicknesses for rockfill dams to prevent seepage. The 
major types of asphalt modification tested here, were elastomers, like SBR and SBS with 
their high elastic recovery, and plastomers, like EVA, PE and PPA, with their higher 
plastic deformation to take the final shape of the rockifll dam facing. It was found in this 
study that EVA2 (Ethylene Vinyl Acetate) PMA with 5 cm thickness was the best 
modified asphalt membrane facing for seepage prevention in rockfill dams. 

Introduction: 

      Asphalt concrete membrane placed for rockfill dam seepage prevention is generally 
better than Portland cement reinforced concrete membrane due to settlement 
requirements (Sealing of Dams and Barrages)[1]. Asphalt concrete is more flexible than 
Portland cement concrete. Also, polymer modified asphalt concrete (PMA) is expected 
to be more flexible than regular hot mix asphalt (HMA) due to the regular increase in the 
elastic recovery when using elastomers in  modified bitumen, and a positive increase in 
plasticity when using plastomers. The seepage prevention advantages of the flexibility 
and plasticity were investigated in this study.   

      The elastomer or plastomer criteria are very important to control the anticipated 
cracking effects in the impervious membrane due to rockfill dam settlements. Such 
settlement has two major stages. The first major settlement is due to weight of the 
rockfill during construction. Because of such settlement, the intended impervious 
membranes should not be implemented before finishing all other rockfill construction 
operations. The other major settlement in rockfill dam is from the thrust of the water 
load during the reservoir filling process, (USBR)[2]. If the impervious membrane is 
placed after the completion of the rockfill dam, the second settlement is more dangerous 
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to the facing membrane, if it is not flexible enough or properly plastic enough to 
withstand cracking stresses. 

     The impervious membrane or impervious core for a rockfill dam is very essential for 
water storage purposes[3]. Regularly the rockfill lifts whether they are 1 m in thickness 
or less for small rockfill dams, or (10 m) in thickness or more, for large rockfill dams, 
they are essentially permeable. Actually, high permeability is desirable in rockfill dams 
to enhance the drainage processes, in order to avoid excessive pore pressure in any 
locality inside the dam [4]. It is desirable to avoid having large unfilled voids between 
the interlocking angular fragments, because such large voids could enhance excessive 
unanticipated settlement in later stages which harm the implemented impervious facing 
layer, if it is not designed with proper flexibility which favor modified asphaltic concrete 
membrane [5]. 

    The major types of the used polymer for the bitumen modification are the following: 

 Elastomers: Their main property is their higher resistance to permanent 
deformation, since they have higher elastic recovery than the regular HMA 
concrete. Also the elastomers like SBS have high resistance to fatigue and 
cracking. The well-known examples of the elastomers are SBR and SBS for 
polymer modified bitumen (PMB) production (Table 1). 

Table 1  Rock fill Seepage Prevention Systems in this study 
1. WSC     Without Surface facing and without clay core (control no.1). 
2. WCC     With Clay Core  only (control no.2). 
3. AWM1 Asphalt Without Modification (3 cm thickness). 
4. AWM2 Asphalt Without Modification (5cm thickness). 
5. SBS1     Styrene Butadiene Styrene PMA (3 cm thickness). 
6. SBS2     Styrene Butadiene Styrene PMA (5 cm thickness). 
7. SBR1     Styrene Butadiene Rubber PMA (3 cm thickness). 
8. SBR2     Styrene Butadiene Rubber PMA (5 cm thickness). 
9. EVA1    Ethylene Vinyl Acetate PMA (3 cm thickness). 
10. EVA2    Ethylene Vinyl Acetate PMA (5 cm thickness). 
11. PE          Polyethylene PMA (5 cm thickness). 
12 APP       Atactic polypropylenes PMA (5 cm thickness). 

 Plastomers: They do not have the same elastic recovery of the elastomers, but 
they have higher plastic deformation which make them conform more with the 
regular dam settlement and unusual differential settlement due to foundation 
failures or earthquake deformation. The well-known plastomers are EVA, PE 
and PPA for (PMB) production (Table 1). 

       In order to compare successfully different types of modifiers, special attention was 
given to the type of the polymer modifier, the percentage of the modifier, the mixing type 
and timing, the virgin bitumen grade (60/70 or 80/100) penetration, and the temperature 
of the mixing process. Such comparisons for hydraulic stuctures concentrate on water 
seepage prevention efficiency.  

This research comprises a series of high quality polymer modified binders, where 
the polymer type and polymer dosage are selected to tailor the required water seepage 
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barrier to the hydraulic structure conditions that prevail at the project site (ICOLD 
Bulletin 114) [6]. Selecting the proper approach to ensure that the polymer bitumen is 
properly selected and used. Using state of the art of modified bituminous binder and 
mixtures is actually a must for proper design and usage of modifiers as additive to have  
excellent durability and  high resistance to oxidation and other environmentally induced 
distresses like water stripping .  

Hot mix and cold mix asphalt, with and without polymer modification has been 
used extensively for water proofing systems, soil erosion control, canal sealants and 
lining, for dike systems. The (HMA) has been used for water barriers in revetments, levee 
mattresses, sewage lagoons, oxidation ponds, reservoirs and permeable dams, like 
rockfill and composite dams [7]. On the other hand, the modified asphalt is not a 
common practice in hydraulic structures and has not gained enough attention and 
research in these respects. 

Durability of hydraulic Asphaltic concrete is a critical characteristic of asphaltic 
concrete for pavement and hydraulic structures. It reflects the ability of the mixture to 
resist weathering from air, water, and solar radiation. Mixture durability is normally 
determined by evaluating mix properties before and after environmental conditions which 
are applied on the (HMA) layer. Testing and field performance have shown the 
importance of low water permeability as the key property of durable mixture. High 
bitumen content, low air voids, and dense aggregate gradation all contribute to low 
mixture permeability in pavements and hydraulic structures linings and facings [7].  

Compaction of HMA for hydraulic structures is the process of densifying the 
(HMA) while it is in a hot, pliable state, to pack the aggregate particles together and to 
remove as much of the air voids as possible. Compaction gives the mix strength, and it 
seals the surface from the ingress of water, and gives a smooth durable surface. During 
compaction of (HMA), the asphalt concrete coated aggregate particles are pressed 
together, whereby air voids are reduced, and mix density increases. The squeezing of the 
(HMA) increases their surface contact and interparticle friction resulting in higher mix 
stability, and in stronger impermeable layer of asphalt behind the paver, whereby the mat 
of laid asphalt has (15-20%) of air void. The task of the rollers is to reduce the void 
content to (4-6%) for dense- graded  mix. At that level the voids are mostly not 
interconnected and the detrimental effects of air oxidation and water stripping are mostly 
avoided. Air voids level below 2% has to  be avoided to allow for thermal expansion 
without causing flushing and mix instability. This study reached Air Voids percentage of 
2.2%, which is comparatively very low level. 

Methods: 

Steps of PMB Modification:  

Polymer modification is done through the mechanical – chemical process of 
dispersion of the fine melted polymer into the complex continuous phase of the bitumen 
through the following major steps : 

o Virgin bitumen is analyzed for pretreatment to set the proper balance between the 
asphaltenes and the maltenes , specially the percentage of the aromatics which are 
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important factors in the compatible blend of the bitumen with the polymer to make 
the PMA effective enough to prevent seepage for a prolonged period. Virgin 
bitumen with (80/100) grade with no more than 12% asphaltenes was used in all 
experiments [8]. 

o Adding several dosages of the powder polymer to the virgin bitumen at 
temperatures between 170 – 190, with high shear mechanical  mill mixing in the 
Arab Italian PMB modification company south of Amman to ensure the proper 
stable blend of  PMB before being mixed with the aggregates to form the required 
dense  PMA. The chosen dose for elastomers is 4.5% and 5.5% for plastomers 
(Table 1).  

o The curing process of the blend is done regularly through a paddling system to 
complete the regular bondage between the polymer molecules and the heated 
bitumen. The final compatible blend is completed in this stage. The chosen range of 
mixing temperature with the aggregates is (175- 180 C°). 

o PMB making , curing ,and mixing with the aggregates to produce PMA requires 
higher temperatures than the conventional HMA mix to first complete the blending, 
then to complete the aggregates coating process. The higher temperature 
requirements are due to the PMB higher viscosity, because of the bigger molecular 
weight of the PMB blend after the modification process (Canadian- SHRP) [9]. 

The polymer modifiers in the tested samples are meant to improve their properties. 
They act as viscosity enhancer and to increase the softening point of the (HMA) to resist 
high temperature on the final hydraulic barrier product. Also, they improve the 
weathering properties of the placed layers which increase the service life of the mixes in 
harsh conditions at the rock fill facing. They increase the bondage between the (PMB) 
and the aggregates to decrease the harmful effects of water stripping [10]. 

Due to the regularly strong interlocking of the edges of the rock fragments, the   
upstream and downstream slopes could be as steep as 0.75 H: 1.0 V, when using thick 
zones of pure rock fill  in a rubble masonry fashion of filling. Natural rock fill slopes 
taking the natural angle of repose of dumped  rock are in the range of 1.0 to 1.4H: 1.0V 
[2, 5]. On the other hand, to facilitate construction of the upstream impervious facing , 
the upstream slope has to be closer to (2H:1V). In this experimental study in the 
laboratory with the 3cm and 5cm thicknesses as given in table 1 the 2H: 1V slope was 
chosen with the upstream faces of the model rock fill dams which were constructed 
moderately convex , in order that the settlement of the fill will tend to close rather to 
open the thermal and the cold joint cracks. 

Fig 1, 2, and 3 are typical figures of the twelve rock fill dams of the experimental 
models in the lab using clay core or PMA membrane facings. The typical aggregate 
gradation for dense (PMA) samples used for rock fill dam facing in this study is 
presented in Table 2. On the other hand, dense PMA either with elastomers or plastomers 
has not gained enough attention and research for hydraulic structures, like the road and 
airport pavements. The duration of experiment for all samples is 32 weeks as presented in 
appendix A of the data. 
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Table (2) Typical Aggregate Gradation for (PMA) Samples used for Rock Fill Dam 
Facing in this study  

Sieve Size Range of percentages 

19.0 mm 95-100 

12.5 mm 79-94 

9.5 mm 63-78 

No. 4 ≈  4.75 mm 41- 59 

No. 8 ≈  2.36 mm 25-40 

No. 16 ≈  1.19 mm 21-24 

No. 30 ≈  0.59  mm 15-21 

No. 50 ≈  0.297 mm 9-16 

No. 100 ≈  0.149 mm 5-12 

No. 200 ≈  0.074 mm 3-6 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Fig (1) Rockfill Dam using clay core 
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Fig. 2 Rockfill Dam with 3 (m PMA facing) 

 

 

 

 

 

 

 

 

 

 

 

 

Fig. 3 Rockfill Dam with 5cm PMA Facing 
Note: Diagrams are not to scale  
- Slope in lab  = 2H: 1V 
- Top width in lab = 0.25 m 
- Base width in lab = 2.25 m 
- Height of dam = 0.5 m 
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Discussion 

Rubberized asphalt, or asphalt modified with rubber materials, has been in use with 
a good degree of success for more than three decades in pavement and roof water 
proofing. Experiments have been done on natural and synthetic polymer of all types, 
origins, shapes, sizes, and dosages. The definition of the polymer structure with its 
relatively large cohesive molecules makes hair, natural rubber, diamond, and sulphur as 
natural polymers . In reality bitumen itself as a thermoplastic is partly polymer. On the 
other hand the synthetic polymers of elastomers and plastomers are numerous and their 
number is increasing continuously and branching faster than their applications, but their 
usage for roofs and roads is more than their usage in reservoir lining and rock fill facing 
[10]. 

Bitumen is complex mixtures which can be subdivided into groups of molecules 
with common chemical structures. The polar aromatics are responsible for the Visco- 
elastic properties of the bitumen at ambient temperature due to the association of the 
polar molecules which leads to large structures and in some cases even to three- 
dimensional networks. The degree to which this association takes place depends on the 
temperature, molecular weight distribution, the concentration of the polar aromatics and 
on the solvency power of the saturates and aromatics in the maltenes phase [9]. 

When a thermoplastic polymer (elastomer, or plastomer) is in contact with 
bitumen, all the bitumen interact with the polymer except the asphaltenes. Therefore, 
addition of the polymer with a molecular weight similar to or greater than that of the 
asphaltene disturbs the phase equilibrium of the bitumen, causing competition between 
the polymer and the asphaltenes for the solvency power of aromatics [11] . Depending 
upon the available solvency power of the aromatics, the asphltenes competing for 
solvency, and the added polymer type, a compatible mix of PMB would be produced to 
ensure a dependable PMB for the rock fill facing. 

Careful balancing of the aromatic content and the aromaticity in relation to 
polymer content is necessary in order to produce a bitumen-polymer blend which is 
stable, and in which the polymer is present as continuous phase to the maximum extent 
possible, in order to achieve the maximum possible benefit from the polymer, to have 
compatible  stable blendes of PMB before being mixed with the aggregates for the 
(HMA) rock fill facing membranes. 

Bitumen/ polymer compatibility stable mixture (blend) on hot storage without 
stirring or agitation to such an extent that phase separation does not occur to any 
appreciable extent, and that the properties of the modified bitumen are not significantly 
changed. The compatible blend has a smooth, homogenous, sponge like structure, and 
continuous system, while the incompatible blend is coarse with apparent discontinuities. 
The appearance and the performance of the compatible and incompatible blends were 
taken closely into consideration in this study by using the compatible stable (PMB) 
blends and discarding the incompatible blends. 

The importance of compatibility appears in shorter blending times, lower viscosity, 
longer storage stability, better elasticity, improved durability, and longer fatigue life. 
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Storage stability of modified asphalt blends is not important where blends are used after 
mixture without storage. Compatibility is significant when blends are required to be 
stored for as extended periods of time, such as over a weekend or during a holiday 
period during the implementation of rock fill dam surfacing. The effects of instability in 
storage can be lessened by the use of continuous stirring or recirculation to maintain the 
homogeneity of the mixture. There is much evidence to indicate that fully compatible 
systems achieve the optimum performance and make the best use of the polymer present 
in terms of elasticity, fatigue resistance and aging, and consequently prevent seepage 
through rockfill dams for a long or time [10]. 

Bitumen chemical compositions (constitution) is subject to periodic small 
variations because crude oil even from a single well is subject to natural variations [11]. 
For blends using polymers which are only semi- compatible, this variation may have a 
large impact on final properties even though the bitumen properties like penetration, and 
softening point remain constant. Variable final products have variable flexibility and 
conformity of the rock fill facing. 

Analysis of results 

Analysis of the descriptive statistics: 

The mean of the weekly seepage data, as a representative of the most expected 
value of the water seepage in the rockfill dam, is the highest as expected for (WSC) with 
an average = 61.8 (Liter/ weak). The next average = 24.6 liter / week  for (WCC). The 
lowest average of the water seepage are for EVA1= 2.0 and EVA2 = 0.98. The asphaltic 
facing of rockfill dam is better than having a dam with a clay core (WCC) Table 3. 
Mostly, the modified asphalt facing is better than the conventional asphalt facing except 
for the results of the thick regular asphalt facing compared with the thin (SBRI) facing. 
The clay core (WCC) has over 60% seepage improvement over the rockfill which is 
without core or surface facing (WSC). On the other hand, the elastomers like (SBS2) 
have five times improvement over the clay core of seepage prevention. Mostly plastomer 
like(EVA) and (APP) are better than elastomers like (SBS) and (SBR) for comparable 
thicknesses. Actually the EVA2 is more than four times as good as (SBS), and more than 
five times as good as (SBR). In the plastomer class (EVA) in both thicknesses is better 
than (PE) and (APP) for seepage prevention effectiveness. Some of the elastomers like 
(SBR1) and (SBR2) are comparable with the (HMA) asphalt without modification 
(AWM1) and (AWM2). Such comparison makes this type of modification of (SBR) not 
effective enough to justify the usage of such (PMB). (Table 3) presents the descriptive 
statistics of the twelve samples using the SPSS statistical package. 
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Appendix A – Data 

Temporal Seepage From Rock fill Dam Using ( PMA ) Membranes 

( L / Week ) 
Week wsc wcc awm Awm2 Sbs1 Sbs2 Sbr1 Sbr2 Eva1 Eva2 app pe 

1 71.0 22.0 6.0 4.0 3.5 1.5 4.5 3.5 2.5 1.5 3.5 2.5 
2 70.0 21.5 6.0 5.0 2.5 2.0 4.0 3.0 3.5 1.0 4.5 3.0 
3 71.0 22.0 5.5 3.5 3.0 2.5 4.5 3.5 2.0 1.5 3.5 2.5 
4 69.0 20.5 6.0 4.0 3.5 3.0 5.5 4.5 2.5 1.0 4.0 3.0 
5 66.0 21.0 5.5 3.5 4.0 3.5 5.0 3.5 2.5 1.5 3.5 2.5 
6 67.0 21.0 6.0 4.0 4.5 3.0 5.5 4.5 2.5 1.0 4.0 2.5 
7 65.0 20.5 7.0 3.5 3.5 3.5 5.5 4.0 2.0 1.5 3.5 3.0 
8 64.0 21.0 6.5 4.0 4.0 3.0 6.5 4.5 2.5 1.0 3.5 3.3 
9 62.0 20.5 8.0 5.0 4.5 3.5 6.0 5.0 3.5 1.0 4.0 3.0 
10 62.5 22.0 9.0 5.5 4.0 3.5 6.5 5.5 2.5 1.5 4.5 3.5 
11 63.0 21.0 8.5 6.0 5.0 4.0 7.5 5.0 2.0 1.0 4.5 3.0 
12 61.0 23.0 9.0 5.5 5.5 4.5 7.0 5.5 2.5 1.5 5.0 3.5 
13 60.0 22.5 10.0 6.0 5.0 4.5 8.0 6.5 2.0 1.0 5.0 3.5 
14 61.0 24.0 10.0 5.5 5.5 5.5 7.5 5.5 2.5 1.5 5.5 4.0 
15 60.0 25.0 9.5 5.5 5.0 4.5 8.5 5.0 2.0 1.0 5.0 4.0 
16 58.0 24.5 11.0 6.0 6.0 5.0 8.0 5.5 2.5 1.5 5.5 4.5 
17 59.0 25.0 10.5 6.5 6.5 4.5 8.5 6.5 2.0 1.0 5.5 4.5 
18 60.0 26.0 12.0 7.0 6.0 5.0 9.0 6.0 2.5 1.0 5.0 4.0 
19 59.0 25.0 12.5 6.5 6.5 5.0 9.5 5.5 1.5 .5  5.0 4.5 
20 60.5 26.5 13.0 6.0 7.0 5.5 9.5 6.0 2.0 .5  5.5 4.5 
21 60.0 27.0 12.5 7.0 7.5 5.0 10.5 6.0 2.5 .5  6.5 4.5 
22 59.0 26.5 13.0 6.5 8.0 5.0 10.0 6.5 1.5 1.0 5.5 5.0 
23 58.5 26.0 13.5 7.0 8.5 5.5 10.5 7.5 2.0 .5  6.5 4.5 
24 58.5 27.5 13.0 7.5 9.0 5.0 11.5 6.5 1.5 .5  5.5 5.0 
25 59.0 28.0 14.0 8.0 8.0 5.5 10.5 6.0 1.5 1.0 6.5 5.0 
26 58.0 27.0 13.5 7.5 9.5 5.5 11.0 6.5 1.0 .5  6.0 5.0 
27 59.0 27.5 13.0 8.5 10.0 5.0 11.5 7.5 1.5 1.0 6.0 4.5 
28 60.5 29.0 14.0 8.0 10.5 5.5 12.5 6.5 1.0 .5  6.5 5.0 
29 60.0 28.5 13.5 8.5 11.0 5.5 11.5 7.5 1.5 1.0 7.5 5.0 
30 58.0 29.0 13.5 8.5 10.5 6.0 12.0 7.0 1.0 .5  6.0 4.5 
31 59.0 28.5 13.0 8.5 11.5 6.5 12.5 7.5 1.0 1.0 7.5 5.0 
32 59.0 28.0 13.5 8.5 12.0 6.0 12.0 7.0 1.5 0.5 6.5 5.0 
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Table 3 Descriptive Statistics (Liter / week )  
 WSC WCC AWM1 AWM2 SBS1 SBS2 
Mean  61.797 24.594 10.359 6.141 6.594 4.469 
Median  60.000 25.000 10.750 6.000 6.000 5.000 
Mode  59.0 21.0 13.0 8.5 3.5 5.0 
Std. deviation  3.980 2.961 3.038 1.652 2.758 1.237 
Skewness  1.268 0.028-  0.385-  0.099-  0.463 0.686-  
Kurtosis  .0.447  1.532-  1.434-  1.100-  0.973-  0.243-  
 SBR1  SBR2 EVA1 EVA2 APP PE  
Mean  8.516 5.641 2.031 0.984 5.203 3.963 
Median  8.500 5.750 2.000 1.000 5.250 4.250 
Mode  5.5 6.5 2.5 1.0 5.5 4.5 
Std. deviation  2.644 1.284 0.647 0.370 1.163 0.902 
Skewness  0.094-  0.370- 0.259 0.050 0.127 0.347-  
Kurtosis  1.275-  0.687-  .024  1.096-  0.742-  1.366 - 

Correlation analysis of results: 

Apparently, the highest correlation is (0.956) between (AWM2) and(PE). They are 
conventional(HMA) compared with a plastomer polymer modified asphalt. The lowest 
absolute correlation is (0.474) between (EVA2) and (EVA1). (EVA2) was the best 
choice, but it is not correlated enough with itself when using different thicknesses. This 
result proves that the thicknesses of the (PMA) layer is a crucial parameter in any 
rockfill water seepage prevention system. The second lowest absolute correlation is 
(0.496) between (WSC) and (EVA1). As expected (WSC) is negatively correlated with 
most of the seepage prevention techniques. Its highest negative correlation (-0.90) is 
with (EVA2) which proves that (WSC) is the worst technique, and (EVA2) is the best 
technique for rockfill facing to enhance seepage prevention. Also (EVA1) and (EVA2) 
being the best two choices have the highest numbers of negative correlation with other 
techniques of regular (HMA), plastomers, or elastomers.        Table 4 Present the 
correlation results produced by the SPSS statistical Package, using Appendix A – Data 
of temporal seepage from Rock fill Dam using (PMA) Membranes. 
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Trend Analysis: 

The trends of water seepage of (WSC), the worst choice, and of (EVA1) and 
(EVA2) the best choices, are decreasing, which means that their effectiveness is 
increasing with time (Appendix- B, Fig.1, Fig.9 and Fig.10). This apparently paradoxical 
result is explainable if we visualize the fact that (WSC) is getting some sedimentation 
within the voids of the compacted rockfill which improves the seepage prevention. In the 
first 16 weeks the seepage decreased from 71 to 58, then until the end of the 32 weeks, 
the seepage of (WSC) fluctuates around that number. In this case the sedimentation in 
the rockfill voids improves the seepage experiment for around 15% in (WSC). On the 
other hand, both of the elastomers (EVA1) and (EVA2) have some improvement 
throughout the 32 weeks of the experiment. The temporal improvements of both are 
double the effectiveness of the seepage prevention at the beginning of the experiment. 
The reason for such positive change could be the conformity of (EVA) with the surface 
beneath it. Its plasticity makes it flow in between the surface rocks of the rockfill dam. 
Such positive flow continues until the 26 weeks for (EVA1) but mostly stops before the 
end of 20 weeks. On the other hand all the other techniques have positive trend in their 
loss of seepage prevention effectiveness. The highest loss is for (WCC) and (AWM1)( 
Appendix-B,Fig.3). But the rate of effectiveness loss for both is around 30%. (SBS1) 
and  (SBR2) (Appendix- B, Fig.5, Fig.7) have high effectiveness loss but the rate of 
effectiveness loss for both is almost four times the initial seepage. Such high decrease of 
layer’s ability to prevent seepage could be due to microscopic cracking which enhances 
seepage   (Appendix- B, Fig. 1-12). 

Correlations between seepage prevention technique Table 4

1.000 -.731 -.875 -.790 -.732 -.900 -.835 -.857 .548 .496 -.745 -.853
-.731 1.000 .932 .919 .921 .846 .943 .822 -.751 -.610 .901 .922
-.875 .932 1.000 .930 .888 .913 .955 .898 -.704 -.655 .894 .956
-.790 .919 .930 1.000 .926 .846 .945 .895 -.683 -.616 .921 .889
-.732 .921 .888 .926 1.000 .856 .958 .884 -.784 -.623 .894 .871
-.900 .846 .913 .846 .856 1.000 .907 .876 -.684 -.530 .868 .882
-.835 .943 .955 .945 .958 .907 1.000 .914 -.792 -.692 .898 .929
-.857 .822 .898 .895 .884 .876 .914 1.000 -.666 -.555 .871 .853
.548 -.751 -.704 -.683 -.784 -.684 -.792 -.666 1.000 .474 -.620 -.695
.496 -.610 -.655 -.616 -.623 -.530 -.692 -.555 .474 1.000 -.536 -.606

-.745 .901 .894 .921 .894 .868 .898 .871 -.620 -.536 1.00 .894
-.853 .922 .956 .889 .871 .882 .929 .853 -.695 -.606 .894 1.000

WSC
WCC
AWM1
AWM2
SBS1
SBS2
SBR1
SBR2
EVA1
EVA2
APP
PE

WSC WCC AWM1 AWM2 SBS1 SBS2 SBR1 SBR2 EVA1 EVA2 APP PE
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Appendix – B 

Trend Curves 
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Conclusion  

Asphalt concrete (HMA) membrane facing has been in use for decades for rockfill 
dams, and polymer modified bitumen (PMB) has been in use extensively for water 
proofing in buildings and other engineering works. This study experimented with using 
several types of polymer modifications of asphalt for membrane facing of several 
samples of Lab. rockfill dams. It used two control samples, one without any seepage 
prevention technique, and a second with clay core only. The major types of polymer 
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modification were two: elastomers and plastomers. It was found that the asphaltic 
membrane in general is better than the clay core. Also, the modified asphaltic membrane 
using (PMA) is better than using the regular asphalt. On the other hand, the plastomers 
due to their plasticity are better than the elastomers in seepage prevention facing 
membrane in rockfill dams. Finally the EVA2 with 5 cm thickness was the best of all for 
the seepage control purposes in this study. 

  منع تسرب المياه من السدود الصخرية باستخدام خلطة إسفلتية معدلة
  

  سليمان الطراونة
  

  ملخص

 يت المعدل لإنتاج الخلطة الإسفلتية المعدلة لكتركز هذه الورقة على دراسة فوائد استعمال الإسفل
تكون حاجزاً على وجه السدود الصخرية لمنع تسرب المياه، والنوعان الرئيسيان اللذان درسا هنا هما 

والمعروفة  بقدرتها العالية على استعادة قوامها بعد تعرضها ) SBS(و) SBR(مواد التعديل اللدنة مثل 
المعروفة ) PPA(و ) PE(و ) EVA( اد التعديل ذات القوام البلاستيكي مثل للإجهادات، والثانية هي مو

) EVA2(وقد تبين في هذه الدراسة  أن . بقدرتها العالية على أخذ الشكل النهائي لسطح السد الصخري
 سم هو الأفضل لتعديل الإسفلت للحاجز السطحي لمنع تسرب المياه في 5اثلين فينول اسيتيت بسماكة 
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Abstract 

In-order to constrain the Pan-African tectonic evolution, a Late Proterozoic Saramuj 
Conglomerate, which crops out at the eastern margin of the southern Dead Sea, was 
studied with regard to its fracture pattern. The Saramuj Formation is considered as 
molasse sediments deposited in an intermontane basin. It is dissected intensively by 
fractures along some of them several types of late tectonic dykes and dyke swarms were 
intruded. 

The fracture pattern shows three major trends. The NNE-SSW (15o) is the dominant 
one followed by the NW-SE and E-W trends. The dykes show a dominant NE (N20-
300E) direction, almost sub-parallel with the Dead Sea Transform (DST). In general, the 
fractures along which the dykes were formed, probably developed by extension normal 
to the fracture direction. Accordingly, dykes indicate NW-SE extension. This 
observation is consistent with the late Pan-African stress pattern observed at a regional 
scale.  

Keywords: Pan-Afriacn evolution, Saramuj Formation, Late Proterozoic, Dead Sea 
Transform (DST). 

Introduction 

The Proterozoic basement of Jordan, known as Aqaba-Araba Complexes [15] are 
exposed along the eastern margin of Wadi Araba Rift Valley beneath flat-lying 
Phanerozoic sedimentary rocks (Fig. 1). These complexes represent the northernmost 
part of the Arabian-Nubian Shield, cratonized during the Pan-African orogeny in 
Neoproterozoic times and consist of magmatic, metamorphic, and volcano-sedimentary 
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sequences e.g. [4, 13, 10]. The later stages of the orogenic and cratonization processes in 
the Arabian-Nubian Shield were dominated, at least locally, by extensional tectonics, 
which led to the formation of grabens, pull apart basins and intramontane basins [16]. 
Saramuj Conglomerate were deposited in one of these basins. Hence, it is studied here 
with regard to fractures and late-tectonic dykes, in order to further constrain the latest 
stages of the Pan-African tectonic evolution. 

Intermontane basin and Saramuj Conglomerate 

Sedimentation of the Saramuj Formation in these basins is broadly synchronous 
with widespread late tectonic plutonism that was followed by postorogenic (anorogenic) 
magmatism, uplift and rapid erosion between 620-550 Ma ago [9, 13, 15]. The basins 
were filled gradually with volcano-sedimentary molasse sequences between 600-595 Ma 
ago [12]. Remnants of these sequences are present as the Saramuj Conglomerate [6] 
along the eastern margin of Wadi Araba-Dead Sea Rift Valley close to the south-eastern 
margin of the Dead Sea (Fig. 1). A similar and coeval lithofacies as the Saramuj 
Formation is found farther south, in the area of Wadi Abu-Burqa, 75 km north of Aqaba. 
There, the Saramuj Conglomerate is overlain by a 250 m thick volcano-sedimentary 
succession, the Haiyalat volcano-clastic Siltstone. These two formations (Saramuj 
Conglomerate and Haiyalat Formation) are established as the Safi group [14]. Saramuj 
Formation was deposited as tectonically controlled alluvial fan,  [2]. Whereas, Haiyalat 
volcano-clastic Siltstone was deposited in lacustrine environment, in deep lakes or in a 
moderately deep sea [11, 16].   

Fig.2
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Fig. 1: Map shows the location of the study area and distribution of exposed Pan-African 
basement (Aqaba and Araba Complexes) at the eastern margin of Wadi Araba 
and Dead Sea In Jordan, modified after Al-Tamimi, 1992. 

Locally, clastic sedimentation of the Safi Group is followed by magmatic phases, 
represented by the Aheimer volcanic suite and the Feinan granite suite. Additionally, 
dyking took place e.g. [12]. According to geochemical analyses of the dyke rocks, the 
magmatism was related to rift-extension along a major late Proterozoic fracture zone. 
These geochemical results support the hypothesis that Dead Sea Transform, or the 
almost parallel Quwaira line, was a major rift boundary or zone of extension during the 
deposition and emplacement of the Araba-Complex e. g. [19, 7, 17]. 

In the study area, the outcrops of Saramuj Formation occupy an elongated strip 
extending over an area of 12 km2 in NNE direction. This area, located about 61 km 
southwest of Karak city and bounded by the coordinates 35° 30' - 35° 32' E and 31° 02' - 
31° 07' N (Fig. 1). The area is bordered by Wadi Saramuj in the south that extends for 
about 9 km in E-W direction and Wadi Ayon El-Ghazlan in north. Numerous deep dry 
Wadis dissect the area, draining westward to Wadi Araba and Dead Sea. The Saramuj 
Formation possesses a thickness of about 300 m [16]. No contact with the underlying 
Proterozoic basement is exposed. The conglomerate beds of the formation consist of 
well to very well rounded, but poorly sorted clasts of metamorphic, granitic, rhyolitic, 
and volcanic rocks imbedded in an arkosic-sandy matrix [2]. The clast supported 
conglomerate beds are intercalated with well-layered and poorly sorted fine to medium 
sized pebbly sandstone [16]. Colors vary between pale pink, brown and rarely green, 
especially adjacent to bodies of igneous rocks, possibly due to deuteric alteration of 
pyrogenic minerals (chloritization and epidotization) during induration and low-grade 
metamorphism [2]. 

Structures 

The Saramuj Conglomerate beds are almost flat lying and intensively  deformed, 
they exhibit clear and numerous signs of brittle deformation such as joints and other 
fracture types. The fracture pattern was studied both in the field and on aerial 
photographs. Field measurements at 25 stations revealed local variations in directional 
distribution of fractures but showed also common trends. The fracture pattern of the 
Saramuj Conglomerate shows mainly 3 to 5 fracture directions, E-W, N-S, NNE- SSW, 
NW-SE and NE-SW. The E-W and/or N-S directions are dominant in most places.The 
measurements in the southern part of the study area reveal that E-W trending fractures 
are more abundant (Fig. 2A).  
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Fig. 2: Lineation map as interpreted from aerial photographs. Rose diagrams (10o class 

interval) for fractures measured in Saramuj Conglomerate. A: close to the 
southern margin of the area (close to an E-W trending fault); N=50. B: close to 
the west margin towards to the Dead Sea Transform; N=192. 

In the northern part of the exposures E-W-, N-S- and NNE-SSW trending fractures 
are more frequent towards the west, close to the Dead Sea Transform (Fig. 2B). The N-S 
direction are almost related, to normal faults, which displace sedimentary rocks 
successively down towards the west.  

A " lineation map" of the fracture pattern was constructed from aerial photographs 
(Fig. 2). A rose diagram taken from the lineation map restricted only to the exposures of 
Saramuj Conglomerate (Fig. 3) (i.e. without the structural lineations in the overlaying 
Phanerozoic rocks shows that there are three major trends only. The dominant one is 
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NNE-SSW (15°) followed by the NW-SE and E-W trends. The NW-SE striking 
lineations represent the directions of the most of the main Wadis that cut the beds of the 
Saramuj Formation (e. g Wadi Al-Maghas). Thus field measurements are comparable to 
the fracture patterns interpreted from the aerial photographs.  

Dykes 
Dykes are variable in composition and can be subdivided into basalt, andesite, 

trachyandesite, lamprophyre and rhyolite [1, 12]. They are distributed along the whole 
study area in different directions, as single dykes and dyke swarms. The dykes cross-cut 
the Saramuj Conglomerate beneath the sub-Cambrian peneplain surface and postdate all 
the granitoids of the Aqaba-Araba Complexes. They don’t cut the overlaying Cambrian 
sandstones. This observation suggests that the dykes are all of Neoproterozoic age. The 
dyke thiknesses ranging between 2 to 15 m, but most of them do not exceed 4m. 

Based on field measurements, A rose diagram represents major trend of the dykes, 
was constructed from 34 representative dyke-directions and types. 

The dykes show a dominant NNE-SSW trend, almost subparallel to the Dead Sea 
Transform and follwed by NE-SW direction (Fig. 4). The E-W trend is less frequent, 
whereas the N-S and NW-SE directions are subordinate.  

 
Fig. 3: Lineation directions as interpreted from aerial photographs compiled from the 

area covered by Saramuj Formation (see Fig. 2). Direction rose as on Fig. 2, 
N=667. 

Fig. 4: Direction of Late Pan-African dykes, Direction rose as on Fig. 2, N=34. 
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Disscussion and Conclusion 

The most distinct fault structure in SW-Jordan is the western transform boundary of 
the Arabian plate known as the Dead Sea Transform fault system. This regional fault is 
part of the Cainozoic trans-continental East-African-Red Sea-Dead Sea rift system. The 
rocks in the area are affected by the tectonics and evolutions of this rift system. In 
general, the principal fault directions in the field can be related to this major system of 
the Arabian Shield. The principal faults and structures were formed during the 
Cainozoic, predominantly during the Neogene. However, some of these structures may 
be rejuvenated along old deep seated structures in the basement rocks (Saramuj 
Conglomerate and dykes) which are exposed in the rift valley to the south of the Dead 
Sea. Based on radiometric age determination, the development of Saramuj Conglomerate 
and dykes in study area took place between 600 and 595 Ma [12]. 

These rocks were formed and deformed prior to the deposition of the 
unconformably overlying Palaeozoic sandstone  sequence, known as Ram Group [16]. 
The rocks of the Saramuj Formation are strongly affected by different fault systems that 
were generated by numerous tectonogenetic phases from the Proterozoic to the 
Cainozoic, and it is only locally possible to distinguish Pan-African from post-Pan-
African fractures. However, the measured dykes cut only the beds of the Saramuj 
Conglomerate and do not cut the Cambrian sandstones of Ram group. Therefore, the age 
of the dykes is relatively well defined and their directions can be used to interpret the 
orientation of the late Pan-African stress field. 

The fractures along which the dykes were formed were probably developed by 
extension normal to the fracture direction. Consequently, the NE-SW trending dykes 
indicate NW-SE extension. Such an observation is consistent with the late Pan-African 
stress pattern observed at a regional scale. For example, in Sinai or in the northern part 
of the Eastern Desert of Egypt, similar dykes directions are cited and probable NW-SE 
extension have occurred [5, 8, 18]. Therefore, it can be concluded that the Pan-African 
orogenic activity in the northernmost part of the Arabian-Nubian Shield ended with 
widespread molasse-type sedimentation of Saramuj Conglomerate and regional-scale 
extension in a NW-SE direction, accompanied by the intrusion of NE-SW  and NNE-
SSW oriented dykes. It has been suggested that these directions has been reactivated 
during the Phanerozoic and persisted as a zone of structural weakness from Pan-African 
times to the present day e. g. [3, 7, 17, 18]. 

In the study area, the observed NNE-SSW and NE-SW trending fractures and dykes 
are both subparallel with the present Dead Sea Transform and may indeed be interpreted 
as Pan-African structural elements that were reactivated during the Cainozoic tectonic 
evolution. 
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دراسة تشققات الحمى الإفريقي المتأخر في رواهص السرموج على الحافة الجنوبية 
  ية للبحر الميت، الأردن الشرق

  

  هاني الأكحل، محمود التميمي، راينهـارد غرايلنج

  

  ملخص

 تمـت دراسـة التـشققات    (Pan-African orogeny) من أجل تبيان التطـور التكتـوني للحمـى الإفريقـي    
 مـن حقبـة البروتـوزوي المتـأخر والمتكـشف      (Saramuj Conglomerate) المتواجـدة فـي تكـوين الـسرموج    

حيث يحتل بعـضا مـن هـذه التـشققات أنـواع مختلفـة مـن القواطـع          . فة الشرقية لجنوب البحر الميت    على الحا 
الإتجـاه الـسائد هـو شـمال        . لقد أظهرت الدراسة بأن هـذه التـشققات تتبـع ثلاثـة إتجاهـات رئيـسة               . وأسرابها

-شـرق جنـوب شـرق والاتجـاه الثالـث هـو      -ويليـه اتجـاه شـمال غـرب    ) 150(جنوب جنـوب غـرب      -شمال شرق 
  . غرب

 ويـوازي تقريبـاً   (N20-300E)جنـوب غـرب   - فـإن اتجاههـا الـسائد شـمال شـرق      dykes)(أما القواطـع    
تشير الدلائل علـى أن التـشققات التكتونيـة التـي تحتلهـا القواطـع تكونـت نتيجـة قـوى                   . امتداد حفرة الانهدام  

-شد كـان اتجاههـا شـمال غـرب    وبنـاءً علـى ذلـك فـإن قـوى ال ـ     . شد أثرت  عمودياً على امتداد تلك القواطـع   
الأمر الذي يؤكد توافق تلك المحصلة بشكل عام مع الجهود التي سادت في الحمـى الإفريقـي            . جنوب شرق 

  .       المتأخر على مقياس إقليمي
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Abstract 

Measuring the surface roughness is considered to be an important problem in 
mechanical engineering literatures. Recently, different optical methods have been 
developed to classify the surface roughness based on measuring the intensity of the light 
reflected from the surface using a laser beam. In this paper, we use some statistical 
techniques to study this important phenomenon such as the variogram and the median-
polish variogram. This approach allows us to set a tentative roughness scale using a non-
contact laser technique and applying some statistical methods suitable for this kind of 
data set. We analyze the surface roughness of eleven different subjects with roughness 
factor ranging from 0.1-18.0 µm and we develop a parametric model based on the 
variogram results of these eleven surfaces. 

Key Words:  Correlated data, Median-Polish, Optical technique, Stationary process, 
Surface roughness, Variogram. 

Introduction and Notation 

In the mechanical and industrial world, the roughness of certain metal surfaces is 
considered to be a vital parameter among the list of constraints and conditions that are 
usually need to be supervised and controlled. In this paper, we discuss the application of 
some well-known statistical methodologies motivated by statistical data-driven 
techniques to measure the roughness of a given surface without the direct physical 
contact of it. Measuring the surface roughness can be achieved either by using the direct 
contact with the tested object or by using a non-contacting optical technique. 

Metal surfaces differ according to their roughness starting from the smooth surface 
reaching the rough one. Monitoring the roughness is considered to be a major check 
point in different substantial manufacturing processes, also it is required to maintain 
certain level of surface smoothness to be approved for any further manufacturing 
activities. In the mechanical and industrial engineering literature, there have been a 
numerous papers and books that include different classical methods to measure the 
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roughness of these surfaces and classify them accordingly [1-4]. One of the most 
common methods used in measuring the surface roughness is the mechanical 
profilometer. However, a major pitfall of this method is the possibility of damaging the 
surface because of the direct contact with the surface [5-6]. On the other hand, optical 
methods avoid the direct contact with the surface and depend only on the coherent light 
reflected from the targeted surface. The literature has shown that optical methods are 
sensitive and efficient tools used to measure the surface roughness [7-9], moreover 
numerical and statistical techniques have been used to evaluate the tear and wear of the 
of metal surface [3,4,10]. Compared to the physical methods, we may describe the 
optical methods as quick, cheap and give us the privilege of analyzing the same surface 
many times without causing any harm or losing the tested surface. In this paper, we 
consider standard surfaces with known roughness factors that have been measured by a 
standard method. The surface roughness factors of the experimental objects in this study 
are: 0.1, 0.2, 0.4, 0.8, 1.1, 2.2, 3.2, 4.5, 9.0, 12.5, 18.0 µm, where the smallest roughness 
factor represents the smoothest surface while the highest factor corresponds to the 
roughest surface. 

The analysis is based on an optical technique where a coherent light such as a laser 
beam is directed to the surface, which allows the light to reflect in all directions and with 
different intensities based on the smoothness of each surface. The scattered light is 
captured and photographed by a highly sensitive camera where the image is a collection 
of dark and gray areas depending on the roughness of that surface. Consequently, the 
image of that certain object will be recorded and then converted into a matrix of numbers 
using another software where these numbers represent the intensity of the light reflected 
from the surface. The matrix will have a dimension of 512512×  pixels or even 

10241024×  pixels in some of the highly sensitive cameras; moreover these numbers 
will vary between 0 and 255 based on the roughness of the each spot of the surface. 
Statistically, we intend to study the surface roughness of those eleven metal specimens 
and develop different models that provide a good estimate of those surfaces. 
Consequently, we expect this methodology to be generalized to unknown surfaces in 
order to detect and categorize their roughness. Nonparametric as well as parametric 
statistical methods are considered as common and useful techniques that could explain 
some possible roughness patterns using the surface data matrix. 

The organization of this paper is as follows. In section 2, we discuss the application 
of the variogram (ordinary and robust) as well as the median-polish variogram in this 
setup. In section 3, we analyze some real surface data and study their roughness using 
some statistical techniques. 

Spatial Statistics Analysis 

One of the most efficient statistical techniques to analyze correlated data sets such 
as geostatistical data, environmental data, and surface images is the typical spatial 
statistics where every single observation is related to the adjacent one. As a result to this 
kind of data behavior, it is expected to detect some variation and correlation among the 
data in different directions. The methodology in this paper is based on the assumption of 
stationary process [11] where the process is assumed to be in a state of "statistical 
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equilibrium". However, it is important to point out that in mechanical and industrial 
engineering, a metal surface is expected to be homogenous (in shape, roughness, … 
etc.). On the other hand, modeling the spatial dependence is usually characterized by 
using different techniques such as the variogram, covariogram and the correlogram.  
Statistically, we say that a process )(tZ  is stationary if 0))()(( =−+ tZhtZE , and 

)(2))()(( htZhtZVar γ=−+ , for all 0≥h , where )(ZE and )(ZVar are the 
expected value and the variance of the variable Z, respectively. Consequently, the 
variogram is defined to be the quantity )(2 hγ  [12,13] which represents the variation 
between all the realizations of the process )(tZ  within a fixed distance h. Spatial 
statistics, autocorrelation and the variogram in particular have received an extensive 
attention in the literature [14-18]. Given a stationary process )(tZ , we define the 
covariance function and the autocorrelation function as ))(),(cov(),( sZtZst =σ  

and ))(),(()( sZtZcorrh =ρ  respectively, where h=t-s. Notice that ),(2 ttσσ =  is 
the variance of the process Z(t) and the autocorrelation function is related to covariance 

function via 
),(

),()(
tt

thth
σ

σρ +
=  for h>0. Hence, the autocorrelation function can be 

viewed as 2

)(1)(
σ
γρ hh −= . There are many different methods proposed in the 

literature to give an estimate of the variogram )(hγ . However, we intend to adopt three 
of the most common used and important methods used in the literature for the sake of 
variogram estimation. First of all, we consider the classical variogram estimate [12] that 
has been presented as follows 
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ji tztz
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hγ , ...................................................... (1) 

where )(hN  is the set of all pairs with Euclidean distances ji tth −=  and |)(| hN  is 

the number of distinct pairs in )(hN  and )(),( ji tztz  are the observed values at the 

locations ji tt ,  respectively. As a modification to the classical type of variogram 
estimate, we intend to use and compare the performance of the robust variogram 
estimate [19] that mainly reduces the effect of the outliers that may exist in the data set 
without removing any specific observation. Moreover, the robust variogram estimator is 
expected to ease the distribution's skewness of the classical estimate of )(2 hγ . Hence, 
the robust variogram estimator is 
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where 
494.0|)(|457.0

|)(|
+

=
hN
hNk  and )(hN  is defined in (1). On the other hand, 

the median-polish variogram estimate [16,20,21] has been discussed in the literature and 
we expect to get better results for such type of methods. The variogram in this case is 
given by: 

 

∑ −=
)(

2))()((
|)(|

1)(ˆ2
hN

ji trtr
hN

hγ ,....................................................... (3) 

where )(hN  is defined in (1) and )(),( ji trtr  are the residuals observed values at the 

locations ji tt ,  respectively. The residuals are obtained by removing the median effect 
of the rows and columns of the data matrix. 

Data Analysis 

As mentioned earlier, we consider 11 different surfaces with roughness factor 
ranging from 0.1 up to 18.0 µm and we apply different kinds of variograms to these 
surfaces in order to detect the patterns (if exist) and compare all surfaces via their 
variograms and consequently their roughness parameter. Starting with a simple study, 
we consider the robust variogram as well as the median-polish variogram and we 
compare the behavior of these methodologies for the metal surface when roughness 
factor equal to 1.1 µm. We apply the laser experiment on the same surface three different 
times and the variograms corresponding to these pictures are shown in Figure 1. 

Table 1: Statistical description of the two variogram estimates (robust and median-
polished) for the surface with roughness factor 1.1 µm. 

Variogram type Robust Median Polish 

Minimum 281.4 292.4 

Median 365.4 302.8 

Mean 363.7 299.9 

Maximum 387.0 307.1 
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Figure 1: The robust and median-polish variograms of three different pictures for the 
1.1µm surface (Solid: Robust; Dotted: Median-polish). 

Figure 1 clearly shows that all the three different graphical analysis are comparable 
and seem identical, however it has been shown in the literature that the effect of the 
median is prominent and the median-polish process is one of the best choices. The 
variogram estimate (classical and robust) has a monotone typical trend behavior and the 
variation retains the steadily increasing pattern as the distance increases. However, as a 
result of trimming the effect of the median from the original data set, the median-polish 
variogram, almost, maintains the same level of variation and stabilizes quickly as we 
increase the distance ( h ). Moreover, Table 1 gives a simple statistical analysis regarding 
the robust and median-polish variograms. The box and whiskers plot for the variogram 
estimate values corresponding to the median-polish as well as the robust technique is 
illustrated in Figure 2. For the rest of this paper, we discuss the median-polish variogram 
for its resistance to the outliers as well as the effect of trends in such type of data. 
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Figure 2: The box plot for the robust and the median-polish variograms estimates of the 
metal surface with roughness factor 1.1µm. 
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Figure 3: The median-polish variogram of all surfaces (The lowest line corresponds to 
the smoothest surface and the highest one corresponds to the roughest surface). 

Figure 3 shows all the median-polish variograms correspond to each one of the 
eleven metal surfaces in the study. It is clear that the variation among the data increases 
as long as we increase the roughness factor, where each line in Figure 3 represent one 
surface. The information in Table 2 and Figure 3 give us the intuition to fit a parametric 
model for the variation via the variogram values.  

Table 2: Statistical summary of the median-polish variogram estimates of all eleven 
surfaces. 

Roughness factor 0.1 0.2 0.4 0.8 1.1 2.2 3.2 4.5 9.0 12.0 18.0 

Variogram’s mean 163 184 246 263 300 322 395 450 510 561 605 

Variogram’s median 163 186 248 265 303 324 399 456 520 573 622 

Hence, we regress the roughness factors on the medians (means) of all median-
polish variograms of the eleven specimen surfaces. The relationship between the 
roughness factors and the medians of these variograms could be fitted using a quadratic 
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related pattern or an exponential type model, hence we suggest the adoption of the 
models listed in Table 3. 

Table 3: Parameter estimates and the coefficient of determination of some suggested 
models. 

Model 2R  Adjusted 2R  
100/0387.0 MeY =  98.35% 98.18% 

100/0367.0644.0 MeY +=  98.04% 97.82% 

2803.6367.17727.4 MMY ++=  98.62% 98.25% 

2944.6284.17727.4 µµ ++=Y  98.38% 97.92% 

where Y  is the surface roughness factor while M  and µ are the median and mean of 
each median-polish variogram, respectively. The models in Table 3 are highly 
significant because of the noticeable coefficient of determination value. These models 
explain almost 98% of the variation in the roughness factor values. This is a good 
indication for us to notice the strong relation between the variogram (its median and 
mean in particular) and the roughness factor of the metal surface. This allows us to 
predict the surface roughness factor using such models based on the variogram 
methodology. Moreover, the results regarding the models adequacy show that all p-
values correspond to the models and parameters listed in Table 3 are close to zero. It is 
important to point out that all the computational and graphical aspects in this paper are 
carried out using the statistical package S-Plus. On the other hand, there are many 
statistical packages that may provide similar results. 
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  تحليل البيانات المترابطة باستخدام الاحصائيات المكانية وتطبيقاتها
   على خشونة الأسطح المعدنية

  

  محمد الرواش

  

  ملخص

 الهندســـية تعبتـــر دراســـات قيـــاس خـــشونة الأســـطح المعدنيـــة مـــن المواضـــيع الهامـــة فـــي المجـــالات          
والصناعية، ولقد تم بحث هذا الموضوع على امتداد العقـود الأربعـة الماضـية مـن قبـل العديـد مـن البـاحثين           
باستخدام الأساليب التقليدية وغير التقليدية، يعتبر هذا البحث استكمالاً للأساليب غير المباشـرة، حيـث يـتم        

سـوف  . كح المعدني ليصبح على شكل مصفوفة رقميـة        للس الاعتماد على أشعة الليزر في عكس الحالة الفعلية       
أسـطح معدنيـة   تمثـل  يتم استخدام الطرق الاحصائية في تحليل هذا النوع من البيانات معتمدين على بيانات    

قياســـية، وســـوف يـــتم اقتـــراح نمـــاذج إحـــصائية لمعرفـــة خـــشونة الـــسطح المعـــدني دون الملامـــسة الحـــسية   
  .للسطح
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Abstract 

Let ∞<≤ ttT 0,)( , be a one parameter C-semigroup of bounded linear 
operators on a Banach space X with generator A. The object of this paper is to study 
whether a C-semigroup, ∞<≤ ttT 0,)( , is an ideal of Cohen (p,q)-nuclear operators. 
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Introduction : 

Let *X  be the dual of the Banach space X, )(XL  be the space of all bounded 

linear operators from  X into X and for TXLT ,)(∈  denote the operator norm of T. 

A sequence ( )ix  with values in a normed space X is called weakly p-summable if 

the sequence ( )*, xxi  belongs to pl  for all .** Xx ∈  This space is a normed space 

with the norm 

( )( )
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A sequence ( )ix  is called strongly p-summable if ∞<∑
∞

=1

*,
i

ii xx  for all 

sequences ( ) .111),( ** =+∈ rpXlx r
i  This space is a normed space with the norm  

               ( )( ) ( )( ) ∞<








≤= ∑
∞

=

1,,sup *

1

*
ip

i
iiip xxxx εσ . (1) 

 

For ,,1 ∞<≤ qp  an operator )(XLT ∈  is called Cohen (p,q)-nuclear 
operator if there exists 0>λ  such that  

                                                 ( )( ) ( )( )iqip xTx λεσ ≤  

for all finite sequences { } ....,,, 21 Xxxx n ⊆  We let )(, XN qp  denote the set of all 

Cohen (p,q)-nuclear operators. The (p,q)-nuclear norm for )(, XNT qp∈  is defined as 

( ){ }holds1:inf λ  and is denoted by .
),( qpN

T  It is known [1],[5], that )(, XN qp  

is an ideal of operators in )(XL  and 
),(

.
qpN

 is an ideal norm on )(, XN qp and for 

any )(, XNT qp∈ ,  .
),( qpN

TT ≤  

A one parameter family ),,0[,)( ∞∈ttT  of bounded linear operators from X into 
X is called a one parameter C-semigroup of operators on X if: (i) CT =)0( and (ii) 

)()()( tTsTtsCT =+   for all ts,  in [ )∞,0 , where C is an injective bounded linear 
operator on X. A C-semigroup, )(tT , is called strongly continuous, if  

CxxtT
t

=
+→

)(lim
0

 for every .Xx ∈  A C-semigroup )(tT  for which there exist  

constants 0>M  and R∈ω  (the set of real numbers) such that teMtT ω≤)(  is 
called an exponentially bounded C-semigroup. The linear operator A defined by: 

                           






=

−
∈

+→

− existslim:)( )(
0

1

t

CxxtT
t

CXxAD    

                                               
t

CxxtT

t
CAx −

→

−
+

=
)(

0

1 lim  
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for )(ADx ∈  is called the generator of the C-semigroup )(tT  with domain ).(AD  
The resolvent set of A, denoted by )(Aρ , is the set of all C∈λ ( the set of complex 

numbers), such that the operator 1)(),( −−= AAR λλ  exists. The operator ),( AR λ  
is called the resolvent operator of A. It is known that for an exponentially bounded C-
semigroup, the set )(AD  is dense in Range(C), A is a closed operator and  the resolvent 
operator ),( AR λ is a bounded operator for  )(Aρλ ∈  (see[3]). We refer to [2] and 
[3] for excellent monographs on C-semigroups. 

The object of this paper is to study whether a C-semigroup is an ideal of 
)(, XN qp .  

Pazy [10], studied the problem for 0c -semigroups and the case of the ideal of 

compact operators, )()( XLXK ⊂ for any Banach space X. Khalil and Deeb, [7], and 

Sharif, [13],  studied the problem for the ideal of Schatten Classes ,)()( HLHC p ⊂  
where H is a Hilbert space.  

Throughout this paper the dual of a Banach space X is denoted by *X  and  
)(1 XB  is the open unit ball of X. For ** Xx ∈ and Xx ∈ ,  the value of x* at x is 

denoted by xx ,* . The set of real numbers will be denoted by R  and the set of natural 

numbers will denoted by N. 

C-semigroups and  Cohen (p,q)-nuclear operators. 

Let X be a Banach space and )(tT  be a strongly continuous exponentially bounded 
C-semigroup on X with generator A. Assume that Range(C)  is dense in X. Thus by 
Theorem 2.4 in [3], D(A) is dense in X. 

Lemma 1.1. Let )(, XNT qpn ∈  for which ξ≤
),(

sup
qpNn

n
T  for some .0>ξ  

If TxxTnn
=

∞→
lim  for all Xx ∈ ,  then )(, XNT qp∈  and .

),(
ξ≤

qpN
T  

Proof.  Let ( )nT  be a sequence in )(, XN qp  such that ξ≤
),(

sup
qpNn

n
T  for 

some 0>ξ  and  TxxTnn
=

∞→
lim  for all  Xx ∈ . Then for all finite sequences 

( )mxxx ...,,, 21  and all Nn ∈  we have: 

                                              ( )( )( ) ( )( )iqqpNninp xTxT εσ
),(

≤  

                                                                 ( )( )iq xξε≤ . 
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Since   TxxTnn
=

∞→
lim  for all  Xx ∈ , we get:  

                                              ( )( )( ) ( )( )( )innpip xTxT
∞→

= limσσ     

                                                                 ( )( )( )inpn
xTσ

∞→
= lim  

                                                                 ( )( ).iq xξε≤ . 

This implies that )(, XNT qp∈  and .
),(

ξ≤
qpN

T � 

Lemma 1.2. Let )(tT  be an exponentially bounded strongly continuous C-

semigroup of bounded linear operators on X with generator A. If )()( , XNtT qp∈  for 

all 0>t  and  ξ≤
),(

)(
qpN

tT  in ( )ε,0  for some 0>ε , then for ε<< a0 , the 

operator ∫ −=→
a

s
aa xdssTexGXXG C

0

)(,: λ , for any Xx ∈ , belongs to 

)(, XN qp  and .1
),( λ

ξ
λa

qpNa
eCG
−−

≤  

Proof. Since )()( , XNtT qp∈  for all 0>t  and ξ≤
),(

)(
qpN

tT  in ( )ε,0  for 

some 0>ε , it follows that for all Nn∈ , the operators anG  defined by 

∑
=

−

=
n

k
an n

xTCea k
k tt

xG
1

)(λ
   is  in )(, XN qp  and                

                                
),(1

),(
)(

qpN

n

k
qpNan n

k
k tt TCeaG ∑

=

−

=
λ
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=
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≤
n
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k tt TCea

1

),(
)(λ
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                                                           ,1

0 λ
ξξ

λ
λ

aa
t edte CC

−
− −

=≤ ∫  

where,  ( ) .1
n
ka

ktn
ak

<<
−  

 Since T(s) is strongly continuous, the operators anG  converges strongly to the 

operator aG . By Lemma 1.1 the operator )(, XNG qpa ∈  and  

.1
),( λ

ξ
λa

qpNa
eG C
−−

≤ � 

Lemma 1.3.  Let  )(tT  be a strongly continuous C-semigroup of bounded linear 

operators on X. If )()( ,0 XNtT qp∈  for some ,00 >t  then )()( , XNtCT qp∈  for 

all .0tt >  

Proof.  Suppose )()( ,0 XNtT qp∈  for some .00 >t  Then, 

                                    .)()()()( 0000 tTttTtttCTtCT −=+−=  

Thus )()( , XNtCT qp∈  for all 0tt >  because )(, XN qp  is an ideal in ).(XL �   

Now, we proof one of the main results of this paper. 

Theorem 1.4.  Let )(tT be an exponentially bounded strongly continuous C-

semigroup of bounded linear operators on X with generator A. If )()( , XNtT qp∈  and 

ξ≤
),(

)(
qpN

tT  for all t in ( )ε,0 , for some 0>ε , then )(),( ,
2 XNARC qp∈λ  

for all )(Aρλ ∈  and for ,0>>ωλ  
ωλ

βλ
−

≤
),(

),(2
qpN

ARC   for some 

.0>β  

 Proof.   Let Xx ∈  and .0,,)( >>∈∈ ωλλρλ RA  Then by Theorem 3.3 
of [3], we have : 

∫
∞

−==
0

.)(),(),( dsxsTeCxARxACR sλλλ  

      For ( )ε,0∈t  and ,0>> ωλ  define: 
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                             ∫
∞

−=
t

s
t dsxsTeCxAR )(),( λλ  

                                                    ∫
∞

− +−=
t

s dsxttsCTe )(λ  

                                                    ∫
∞

− −=
t

s dsxtsTtTe )()(λ  

                                                    ∫
∞

− −=
t

s dsxtsTetT .)()( λ  

  Since )(, XN qp  is an ideal in )(XL , )()( , XNtT qp∈  for ( )ε,0∈t  and the 

operator P  defined by  ∫
∞

− −=
t

s dsxtsTexP )()( λ  is a bounded linear operator in 

)(XL  for ωλ > , it follows that the operators )(),( , XNAR qpt ∈λ  for 

0, >>∈ ωλλ R and  ( )ε,0∈t . Further more, since )(tT  is an exponentially 

bounded C-semigroup, for ωλ >  and  ( )ε,0∈t  we get: 

.)()(),(
),(),(),(

t

t

sst
qpNqpNqpNt eMdsMeeePtTPtTAR λωλω

ωλ
ξξλ −

∞
−− ∫ −

=≤≤=                              

 Since )()( , XNtT qp∈  and ξ≤
),(

)(
qpN

tT  for ( )ε,0∈t , by Lemma 1.2 the 

operator ),(),( 2 ARCARt λλ − ,  

( ) ∫ −−=−
t

s
t xdssTeCxARCAR

0

2 )(),(),( λλλ  

is  in )(, XN qp  and 

λ
ξλλ

λt

qpNt
eCARCAR
−−

≤−
1,(),(

),(

2  . 
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Since )(),( , XNAR qpt ∈λ  for ( )ε,0∈t ,  01lim
0

=
− −

→ + λ
ξ

λt

t

eC  and 

)(, XN qp  is a Banach space it follows that )(),( ,
2 XNARC qp∈λ  for 0>> ωλ  

and  

                    
),(0),(

2 ),(lim),(
qpN

t
tqpN

ARARC λλ
+→

=  

                                                          
),(0

),(lim
qpNt

t
AR λ

+→
=  

                                                          .
0

lim ωλ
β

ωλ
ξ λ

−− =≤ −

→ +

t

t
eM

 

The resolvent identity 

                              ),(),()(),(),( 222 ARARCARCARC µλωλλµ −+=  

implies that  )(),( ,
2 XNARC qp∈µ  for all )(Aρµ ∈ .� 

Theorem 1.5.  Let )(tT be an exponentially bounded strongly continuous C-

semigroup of bounded linear operators on X with generator A. If )(),( , XNAR qp∈λ  

for all )(Aρλ ∈  and 
ωλ

βλ
−

≤),(),( qpNAR  for  ωλ > , then 

)()( , XNtT qp∈  and  ξ≤
),(

)(
qpN

tT  for t  in ( )ε,0  for some 0>ε . Further 

)()( , XNtCT qp∈  for all .0>t  

Proof.    Let  0,)( >>∈ ωλρλ A  and )(ADx ∈ . Then  

                   xtTAARxtTxtTAR )(),()()(),( λλλ =−  

                                                                       xtATAR )(),(λ=  

                                                                       xtATAR )(),(λ≤  

                                                                       xtATAR qpN )(),( ),(λ≤    

                                                                        xtAT )(
ωλ

β
−

≤ . 
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Taking the limit as ∞→λ , we get xtTxtTAR )()(),(lim =
∞→

λλ
λ

. But )(AD is 

dense in X. Therefore  xtTxtTAR )()(),(lim =
∞→

λλ
λ

 for all Xx ∈ .  

Since )(),( , XNAR qp∈λ  and )()( XLtT ∈  for all 0>t , it follows that 

)()(),( , XNtTAR qp∈λλ   and so 

)()(),()(),( ),(),( tTtTARtTAR qpNqpN ωλ
βλλλλλ
−

≤≤ . 

Consequently, since )(tT  is exponentially bounded there exists 0>γ  and 0>ε  

such that  
ωλ

βλγλλ
−

≤),()(),( qpNtTAR  for all ( )ε,0∈t  and ωλ > . Lemma 

1.1 implies that )()( , XNtT qp∈  for ( )ε,0∈t  and 
ωλ

βλγ
λ −

≤ sup)( ),( qpNtT . 

Further, since 






 ≥>

−
0: ωλ

ωλ
λ

 is a bounded set, it follows that 

ωλ
βλγ

λ −
≤ sup)( ),( qpNtT   for ( )ε,0∈t .  Lemma 1.3  then  implies that 

)()( , XNtCT qp∈  for all .0>t  �      

 Theorem 1.6.  Let )(tT be an exponentially bounded strongly continuous C-

semigroup on X with generator A. If )()( , XNtT qp∈  for all 0>t  and 

))(),,0(( ,0
1 XNtLT qp∈  for some 00 >t , then )(),( ,

2 XNARC qp∈λ  for all 

,)(Aρλ ∈  and for ,0>>ωλ
),(

),(2
qpN

ARC λ  is bounded. 

Proof.   Since ))(),,0(( ,0
1 XNtLT qp∈  then for 00 tt <<  

.)()()(
00

),(
0

),(
0

),(
∞<+= ∫∫∫

t

t
qpN

t

qpN

t

qpN
dssTdssTdssT  
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Thus, ∞<∫
t

qpN
dssT

0
),(

)(   for all 0tt <  and so 

∫ =
+→

t

qpNt
dssT

0
),(0

.0)(lim  

      For 00 tt <<  and ,)(Aρλ ∈ ,0>> ωλ define: 

                               ∫
∞

−=
t

s
t dsxsTeCxAR )(),( λλ  

                                                      ∫
∞

− −=
t

s dsxtsTetT .)()( λ  

Since )()( , XNtT qp∈  and the operator  P,  ∫
∞

− −=
t

s dsxtsTexP )()( λ  is a 

bounded operator in )(XL  for ,0>>ωλ  it follows that )(),( , XNAR qpt ∈λ  
and  

),(0
),(

2 )(),(),(
qpN

t
s

qpNt dssTeCARCAR ∫ −=− λλλ  

                                                                                ∫≤
t

qpN
dssTC

0
),(

)( ,  

noting that .1sup
),0(

≤−

∈

s

ts
e λ  Consequently, .0),(),(lim

),(

2

0
=−

+→ qpNt
t

ARCAR λλ  

Since )(, XN qp  is a Banach space, it follows that )(),( ,
2 XNARC qp∈λ  for 

,0, >>∈ ωλλ R  and  

                             
),(0

),(

2 )(),(
qpN

s

qpN
dssTeCARC ∫

∞
−= λλ  

                                                    
),(
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0
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s dsntsTentT∑ ∫
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+
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 noting that for large λ  ( ) 10 <− te λω  and ∫ ∫≤−
0 0

0 0
),(),(

)()(
t t

qpNqpN
s dssTdssTe λ for 

all 1≥n  and all .ωλ >  Since ))(),,0(( ,0
1 XNtLT qp∈  it follows that 

),(

2 ),(
qpN

ARC λ  is bounded for .0>> ωλ   

Now, let µ  be any element in .)(Aρ  Then from the resolvent identity we have: 

                              ),(),()(),(),( 222 ARARCARCARC µλωλλµ −+=  

for any .)(Aρλ ∈  Thus, if )(Aρλ ∈ and ,ωλ >  we get 

.)(),( ,
2 XNARC qp∈µ  Hence )(),( ,

2 XNARC qp∈µ  for all .)(Aρµ ∈ � 
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Differentiable C-semigroups and )(, XN qp .   

Let X be a Banach space and )(tT be a differentiable strongly continuous 
exponentially bounded C-semigroup on X with generator A. Assume that Range(C) is 
dense in X. Thus by Theorem 2.4 in [3], )(AD is dense in X. 

Definition 2.1.   Let )(tT  be an exponentially bounded strongly continuous C-
semigroup on a Banach space X. The C-semigroup )(tT  is called differentiable for 

0tt >  if for every xtTtXx )(, →∈  is differentiable for 0tt > . )(tT  is called 

differentiable if it is differentiable for .0>t  

Remark 2.2 .  

(a)  Since )(tT  is strongly continuous for Xx ∈  and ts > , we have:   

CxtTxtsTtTxtsTtTCxsT
tststs

)()(lim)()()(lim)(lim =−=−=
→→→

 

But Range(C)  is dense in X by assumption it follows that xtTxsT
ts

)()(lim =
→

 for 

all .Xx∈  Similarly for ts < .  

(b) Since )(tT is differentiable then, xtTt )(→  is differentiable for 0>t . 

Therefore )()( ADtT ∈   and xtATxtT )()(' =  for every Xx∈  and 0>t . 
Since A is a closed operator and )(tT  is bounded,  )(tAT  is closed . For 0>t ,  

)(tAT  is defined on all of X and therefore by the closed graph Theorem it is a 
bounded linear operator. 

Theorem 2.3. Let )(tT be a differentiable strongly continuous exponentially 

bounded C-semigroup on X with generator A. If there exists )(0 Aρλ ∈ such that 

,)(),( ,0 XNAR qp∈λ  then )()( , XNtT qp∈  for all .0>t  

 Proof.  Let )(0 Aρλ ∈  and .00 =λ Define .)()(
0
∫=
t

dsxsTxtB  Then 

)()( XLtB ∈  and  

                        xCtTCxxtTdsxsTAxtAB
t

))(()()()(
0

−=−== ∫  
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for all ,Xx∈  (Lemma 2.7,[3]). Hence  

                    .))(()()0()( xtTCxtBAxtAB −=−=−  

So xtTCARxtB ))()(,0()( −=  for all .Xx∈  Thus 

.))()(,0()( tTCARtB −=  But .)(),0( , XNAR qp∈  So )()( , XNtB qp∈  for all 

.0>t   

Since )(tT  is strongly continuous, it follows that for ,)(ADx ∈  xtB )('  exists 
and  

                     h
xtBxhtB

h
xtB )()(

0
' lim)( −+

→
=  

                                     ( )xtBxtBn nn
)()(lim 1 −+=

∞→
 

( ) ( )( )xtTCARxtTCARn nn
)(),0()(),0(lim 1 −−+−=

∞→
 

                                      ( ) .)()(),0(lim 1 xtTxtTAnR nn
+−=

∞→
 

Define ( ) .)()(),0()( 1 xtTxtTAnRxtD nn +−= Since ,)(),0( , XNAR qp∈  

it follows that )()( , XNtD qpn ∈  for all 0>t and all .Nn ∈  But by Remark 2.2(a) 

                                             .)()()(
0

' ∫ ==
t

dt
d xtTdsxsTxtB   

Consequently, since )(tT is differentiable, then ( ) ,)()()(lim '1 xtTxtTxtTn nn
−=+−

∞→
 

and  

                                  .)(),0()(lim)( ' xtTARxtDxtT n
n

−==
∞→

 

Since )(AD  is dense in X, it follows that  )()( , XNtT qp∈ . Furthermore, for all  

0>t  one has: 

.)(),0()(),0()( '
),(),(

'
),(

tTARtTARtT
qpNqpNqpN

≤−≤  
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Since )(' tT  is a bounded operator, Remark 2.2(b), it follows that  

.)(
),(

∞<
qpN

tT  

For ,00 ≠λ  define ).()( 0 tTetS tλ−=  Then, if A is the generator of ),(tT  then 

0λ−A  is the generator of ).(0 tTe tλ−  So if ),(0 Aρλ ∈  then ).(0 0λρ −∈ A  Thus 

if  )(),( ,0 XNAR qp∈λ  then,  )(),0( ,0 XNAR qp∈− λ and by the above result 

)()( , XNtS qp∈ . Hence )()( , XNtT qp∈ .� 

 

   والمؤثرات النوويةC زمر من النوعاله اشبأ
  

  شريفة الشريف

  

  ـصــــــــــــــــملخ

),(0, لتكن ∞<≤ ttT     تمثـل شـبه زمـرة مـن النـوع  C  ة المحـدودة ذات  ــــ ـــ مـن المـؤثرات الخطي
 كون شـبه  دف هذا البحث إلى دراسةــيه. Aاهي الصغرمولد متنذات  X بناخ الوسيط الواحد على فضاء  

),(0,الزمرة  ∞<≤ ttT  من النوع C أحد مثاليــــات المؤثرات (p,q)-كوهن النـــــــــــووية.  
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Abstract 

Let n be a positive Integer. Let )(xE n
α  be the shifted E-spline.   For any R∈α , 

we prove that the cardinal interpolation problem for )(xE n
α  is always correct.  This 

problem is an extended result of the corresponding problems of E-spline [2]; of B-
splines [5],  [6]; and of the shifted B-splines  [4]. Unlike the proofs in [2], [5] and [6], we 
use some computer calculations and we assume λ  to be bounded.  

AMS class: 41A05, 41A63. 

Keywords:  shifted E-splines, cardinal interpolation, Symmetric Exponential Box 
Splines. 

Introduction 

The symmetric exponential box splines (E-splines) and their properties were 
introduced and studied by T. N. T.  Goodman and A. A. Ta’ani in [2]. To set the 

notations, let },...,{ 1 nn xxX =  and },...,{ 1 nλλλ =  be two finite sequences of real 

numbers. We say that λ  is symmetric if and only if -λ  is a rearrangement of λ .   The 

centered exponential box spline )(xEn , defined via (1.3) below, is called symmetric if 

and only if λ  is symmetric. For any R∈α , let )(xE n
α  := )( α+xEn  denote the 

shift of )(xEn  by α .  

In a recent paper [7], the author investigated the cardinal interpolation problem 

(CIP) for the symmetric E-spline )(xE n
α , with the case when n is odd, and he has 

proved the result in case ],0[ πα ∈ .  In this paper, we’ll investigate the same problem 

for any positive integer n. Unlike the proof in [7], we have proved the result in case 

                                                           
© 2006 by Yarmouk University, Irbid, Jordan. 
*   Dept. of Mathematics, Mu’tah University, Karak, Jordan. 
** Dept. of Mathematics, Jordan University of Science and Technology, Irbid, Jordan 
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]0,[ πα −∈ . Our result is a generalization of the corresponding problems: of E-splines 

as in [2]; of B-splines as in [5] and [6], and of shifted B-splines as in [4]. Unlike the 
proofs in [2], [5], and [6], we use some computer calculations in (2.12) and (2.16), and 
we assume λ  to be bounded. 

Let φ  be a function with compact support. The (CIP) with φ  is said to be correct 

if for each bounded real valued function f on R, there exists a unique bounded sequence 

}:{ Zja j ∈  such that the cardinal interpolant =:(.)fs   ∑ − )(. ja jφ  agrees 

with  f on Z, i.e., )( js f =f(j), Zj∈ .  In [1], the authors show that the (CIP) with φ  is 

correct if and only if the discrete Fourier transform Rxej
Zj

ijx ∈∑
∈

,)(φ , of φ  does not 

vanish. Since )(xE n
α  is also a function with compact support, then the (CIP) for 

)(xE n
α  is correct if and only if the function: 

RRxejExp
Zj

ijxn
n ∈∈= ∑

∈

ααα ,,)(:)(, , ..................................................(1.1) 

does not vanish. By applying the Poisson summation formula (see [3], page 129) to (1.1) 
we obtain: 

∑
∈

=
Zj

n xp :)(,α ˆ n

E α
(2 j )xπ −   

                 =∑
∈Zj

Ên RRxexj xji ∈∈+ +− απ απ ,,)2( )2( , ..............................(1.2) 

where  Ên (x) denotes the Fourier transform of )(xEn , which is given by the following 

equation: 

Ên (x) = 
jj

ixxixxn

j ixx
ee jjjj

+
−

+−+

=
∏ λ

λλ )(2
1)(2

1

1

   . ....................................................(1.3) 

For further details about )(xEn  and its properties see [2]. From (1.2), (1.3) and the 

definition of λ , the functions )(xEn  and )(, xpn α  have the following symmetries: 
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)(xEn  = )( xEn − , ..........................................................................................(1.4) 

)(, xpn −α  = )(, xpn α−  ....................................................................................(1.5) 

The main result. 

In this section we shall prove the main results in this paper. To do so, more 
notations are needed. Let nX  contain 1 with multiplicity n. Suppose that λ  includes r 

zero elements, and }0:{: >∈= jjP λλλ . Then, n=2|P|+r, where |P| is the number 

of positive terms in the sequence ( jλ ). Therefore, under these conditions and by the 

definition of λ  and (1.3) we get: 

Ê(x) = [ ]r
ixix

ix
ee 22
−

−
. [ ]

ix
ee ixix

P +
− +−+

∈
∏ β

ββ

β

)(2
1)(2

1

[ ]
ix

ee ixix

+−
− +−−+−

β

ββ )(2
1)(2

1

 

= [ ]r
x

x

)2(

)2sin(
. [ ]22

)cos(2
x

xee
P +

−+−

∈
∏ β

ββ

β

 

Thus, 

Ê(2π(j+x)) = r−π . ))2cos(2( xee
P

πββ

β

−+ −

∈
∏ . 

             [ ]r
j

xj
x

+
− )sin()1( π

. [ ]22
2 )2(

1
xjP ++∏

∈ πβπβ

..........................(2.1) 

The following lemma will be used in the sequel. For the proof see [7]. 

Lemma (2.1):  (a). Let 

      =:jσ = [ ]r
jx

x
+
−1

. [ ] ,,,
)(
)1(

22

22

2

ZjRx
jx
x

P

∈∈
++
−+∏

∈ β
β

πβ

 

and assume that the set P is bounded by B, i.e., Bj ≤|| λ , j=1,…n.  Let n=r+2|P|  

be a positive integer greater than 2.  If 1<jσ , then 
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               ( )j xσ ≤ [ ] B
jx
x

=
++
−+ πγ

γ
γ 2,

)(
)1( 2

22

22

 

(b).  Let ν be the positive number such that 2
10 <<ν  .  Let ]2

1,0[∈x .   Then  

i).  If f is a function defined by 2

2

)(
)1(),(

xj
xxf

−+
−+

=
ν
νν ,  then f is increasing function 

with respect to ν and decreasing with respect to x for all j > 1. 

ii).  If the above function f is defined by: 2

2

)(
)1(),(

xj
xxf

++
−+

=
ν
νν , then f is an 

increasing function with respect to ν and has its maximum at x = 0 for all 1≥j . 

The main result of this paper is given by the following theorem. 

Theorem (2.1).  Assume that nX  contains 1 with multiplicity n. Also assume that λ  is 

bounded by π , i.e., πλ ≤|| j , i=1,…,n.  If n is a positive integer greater than 2,  then 

the (CIP) for )(xE n
α  is always correct for any R∈α . 

Proof.  Since )(, xpn α  is periodic of period π2 ,  it is sufficient to show that 

0)(, ≠xpn α and for all ],[ ππ−∈x and for all R∈α .  From (1.2), )(, xpn α being 
nonvanishing is equivalent to:  

)(xpα  :=  ∑
∈Zj

Ê 1 1(2 ( )) 0, [ , ],2 2
i jx j e x Rαπ α− −+ ≠ ∈ ∈ , .........(2.2) 

Since )(xpα  is periodic of period π2  with respect toα ,  then by (1.4), (1.5), 

(2.1) and the fact that r−π . ))2cos(2( xee
P

πββ

β

−+ −

∈
∏ >0,  (2.2) is equivalent to:  

)(xGα  :=  ∑
∈Zj

],[],2
1,0[,0)( ππαα −∈∈≠− xxge j

ji , ......................(2.3) 

where,      

=:)(xg j [ ]r
j

xj
x

+
− )sin()1( π

. [ ]22
2 )(

1
xjP ++∏

∈ βπβ

. ........................(2.4) 

Therefore, it is sufficient to prove that one of the following equations is true:  
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)(xRα  :=  ( ) cos( )j
j Z

g x jα
∈
∑   

              ,
1: ( ) 0, [0, ], [ , ]2j

j Z
G x xα α π π

∈

= ≠ ∈ ∈ −∑ , .............................(2.5) 

)(xIα  : ( ) sin( )j
j Z

g x jα
∈

= ∑   

             ∑
∈

=
Zj

: ],[],2
1,0[,0)(, ππαα −∈∈≠Φ xxj , ...........................(2.6) 

which are the real and the imaginary parts of )(xGα  respectively. We present the proof 

in five steps.  In each step we shall assume that ]2
1,0[∈x  and we shall repeatedly 

use the following facts. 

|,)(||)(| 1 xgxg jj ≤+ |)(||)(| 1 xgxg jj ≤−− 0],2
1,0[, ≥∈ jx    

|)(||)(| 1 xgxg jj ≤− 0],2
1,0[, <∈ jx  .....................................................(2.7) 

Step1.  πα −= .  In this step we prove that (2.5) is true.  In particular, )(xRα >0. 

Since )()1()(, xgxG j
j

j −=α , two cases are considered.  

Case1.  If  r  is even, then 0)(, ≥xG j α when j is even, and 0)(, ≤xG j α when j is 
odd. Exactly as it was done in [2] in the derivation of (4.10), we can see from (2.5) and 
(2.7) that:   

)()( ,21,2 xGxG jj αα −−+ + 0)()( ,22,12 ≥+ −−+ xGxG jj αα 0],2
1,0[, ≥∈ jx ,i.e.,  

≥− −− |)(||)(| ,21,2 xGxG jj αα |)(||)(| ,22,12 xGxG jj αα −−+ − , 0≥j  .......(2.8) 

Hence 0)( ≥xRα  in (2.5).   The strict inequality in (2.8) holds for the case when  

j=0 and arbitrary 1[0, ]2x ∈ .  Therefore, (2.5) is true, which give the result for this 

case. 

Case2.  If r is odd, then 0)(, ≥xG j α if 0≥j  and 0)(, ≤xG j α if 1−≤j .  
Therefore, by (2.5) and (2.7) we have:  
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0)()( ,1, ≥+ −− xGxG jj αα , 0≥j . 

Since 0)()( ,1,0 >+ − xGxG αα  for ]2
1,0[, ∈x , then 0)( >xRα in (2.5), and 

so case (2) is proved.  

For πα = , the proof is exactly the same as that in step 1.  

Step 2.   )2,( ππα −−∈ .  Two cases are considered. 

Case 1.  If r is odd, then from (2.4) and (2.6) we have:  

]2
1,0(,0)(,1 ∈≥Φ xxα , and ]2

1,0(,0)(,1 ∈≥Φ− xxα . 

By (2.7) we show that 

,
1

1( ) 0, (0, ]2j
j

x xα
≠

Φ > ∈∑  ........................................................................(2.9) 

Now, we show that the positive term ]2
1,0(),(,1 ∈Φ− xxα  dominates the sum in 

(2.9).  As in [1], we show that the sum in (2.9) when divided by the dominant term, is 
less than one.  This is equivalent to proving that:  

]2
1,0(,1|)(

)(|:
,1

,

|1|
∈<Φ

Φ
=

−≠
∑ xx

xI j

j α

α  .........................................(2.10) 

By (2.4), (2.6), (2.10), Lemma (2.1), and the fact that:  

Zjjj
∈≤ ,|

)sin(
)sin(|

α
α

 ....................................................................................(2.11) 

We have:  

)(
2

xI j
j

σ∑
∞

=

= |
)sin(
)sin(|

α
αj

  +  )(
2

xj
j

−

∞

=
∑ σ |

)sin(
)sin(|

α
α
−
− j

 

  ∑
∞

=

≤
2j

[ ] j
jx
x .

)(
)1( 2

22

22

++
−+

β
β

 +  ∑
∞

=2j
[ ]

2
1,.

)(
)1( 2

22

22

=
−+
−+ β

β
β j

jx
x

 

  ∑
∞

=

≤
2j

[ ]
2

2
2

0.25 (1 ) .
0.25 ( )

x j
x j

+ −
+ +

 +  ∑
∞

=2j
[ ]

2
2

2

0.25 (1 ) .
0.25 ( )

x j
x j

+ −
+ −
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∑
∞

=

≤
2j

[ ] j
j

.
)(25.

25.1. 2
2+

 +  ∑
∞

=2j
[ ] j

j
.

)(25.
25.1 2

2+
 

15782502.0 <≤ , .........................................................................................(2.12) 

where )(xjσ  is defined as in lemma (2.1.a).  Thus, from (2.10) and (2.12),  

]
2
1,0(,0)( ∈> xxIα , because of dominate term 0)(,1 >Φ− xα ,  ]2

1,0(∈x .  And 

if x=0  then )(xRα  := 0)(,0 >xG α .  Therefore, the result of this case follows.  

Case 2.  If r is even, then 

0)(,1 >Φ− xα ,  0)(,1 <Φ xα ,  ]2
1,0(∈x  ..............................................(2.13) 

As in Case 1 of this step, we show that the terms )(,1 xαΦ , )(,1 xα−Φ dominate the 
sum in (2.9) .   Now, we can write the sum in (2.9) in the form:  

∑
∈Zj

)(, xj αΦ  = )(,1 xα−Φ { 1 + ∑
∞

=1j α

α

,1

,

−Φ

Φ j  + ∑
∞

=2j α

α

,1

,

−

−

Φ

Φ j  } 

                           = )sin()(1 αxg−− [ ]
)(
)(1

1

1

xg
xg

−

− ×  

                             [ ])(
)sin(
)sin(

)(
)(

1 ,
12

xj
xg
xg

j
j

j
αα

α
Γ−

−

∞

=
∑ , ]2

1,0(∈x , .....(2.14) 

Where,  

                           )(, xj αΓ  : = [ ]
)sin(
)sin(

)(
)(1

)(
)(1

1

1 α
αj

xg
xg

xg
xg

j

j

−

−

−

−
. 

Notice that the first two terms in (2.14) do not vanish.   Then it is sufficient to show 
the last term in (2.14) is positive.  First, we estimate )(, xj αΓ .   By  (2.11) and the fact 
that: 

[ ]r
x
x

1
1

+
− ∏

∈Pπβ2
22

22

)1(
)1(

x
x

++
−+

β
β

≤ [ ]r
xj
xj

+
−

 ∏
∈Pπβ2

22

22

)(
)(

jx
xj

++
−+

β
β

< 1, 
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Njx ∈∈ ],2
1,0(  , .....................................................................................(2.15) 

we have , ( )j x jαΓ ≤ .  Therefore by (2.4), (2.11), Lemma (2.1) and the hypothesis of 

theorem (2.1) we have: 

,
,

2 1,

( )
1 ( )

( )
j

j
j

g x
x

g x
α

α
α

∞

= −

− Γ∑ ≥ |)(
)(
)(

|1 ,
12

x
xg
xg

j
j

j
αΓ−

−

∞

=
∑  

                                            ≥    jxj
j

).(1
2
σ∑

∞

=

−  

                                            ≥     ∑
∞

=

−
2

1
j

[ ] j
jx
x .

)(
)1( 2

22

22

++
−+

β
β

  

                                             ≥    ∑
∞

=

−
2

1
j

[ ]
2

2
2

0.25 (1 ) .
0.25 ( )

x j
x j

+ −
+ +

  

                                              ≥    ∑
∞

=

−
2

1
j

[ ]2
2

1.25 .
0.25 ( )

j
j+

  

                                               =    −1 .2891251 > 0 .........................................(2.16) 

For x = 0,  )0(αR  = 0)0(,0 >αG .  Consequently, the proof of this case is 
complete.  

For ),
2

( ππα ∈ ,  the proof is similar to that in case 2 of step 2. 

Step 3.   
2
πα −= .   For  ,.....5,3,1 ±±±=j ,  0)0(, =αjG .   So it is sufficient to 

show that (2.5) is correct.  We consider two cases. 

Case 1.   If  r is even, then by (2.4), Zjxg j ∈≥ ,0)( .   Following the derivation of 
(2.8) , we can see that: 

   

)()( ,42,4 xGxG jj αα −−+ + 0)()( ,44,24 ≥+ −−+ xGxG jj αα 0],2
1,0[, ≥∈ jx ,i.e.,  

≥− −− |)(||)(| ,42,4 xGxG jj αα |)(||)(| ,44,24 xGxG jj αα −−+ − , 0≥j .....(2.15) 
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The strict inequality in (2.14) holds, for 0=j and arbitrary ]
2
1,0[∈x .   Hence 

0)( >xRα   in (2.5),  and so the result of this case is proved. 

Case 2.  If r is odd, then by (2.4) and (2.5) we have: 

0)(2 ≥xg j ,  2 , 2 ,( ) ( 1) ( ) 0j
j jG x g xα α= − ≥ ,  ,....2,1,0=j  

0)(2 ≤− xg j ,  2 , 2 ,( ) ( 1) ( ) 0j
j jG x g xα α− −= − ≥ ,  ,....3,2,1=j  

Therefore, by (2.4) and an estimate similar to (2.7) we have  

)()( ,24,4 xGxG jj αα ++   0≥ ,  ,....2,1,0=j  

)()( ,44,24 xGxG jj αα −−−− +  0≥ ,   ,....3,2,1=j  

Since 0)()( ,2,0 >+ xGxG αα  for x=0, the strict inequality in (2.5) holds.  Hence, 
the proof  of  this case is complete. 

For 
2
πα =  the proof is exactly the same to that in Step 3. 

Step 4.   )0,
2

( πα −∈ .  The proof of this step is similar to that in case 1 of  Step (2). 

For )
2

,0( πα ∈ , the proof is similar to that in Step (4).  

For more details of the proof when n is odd, see [7]. 

Step 5.   0=α .  In this case, the problem is reduced to the corresponding problem by 
)(xEn  which has been done in [2]. 

Also the result of this theorem may be true for some values of the bounded 
condition of λ  greater than π  (see lemma (2.1)). 

Remarks 

(1). If 0=λ , i.e., λ  is a zero sequence then the problem is reduced to the 
corresponding problem of shifted B-spline, which was considered in [4] for 

2
1|| <α . 
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(2).  If λ  is a zero sequence and 0=α , then the problem is reduced to I.J schoenberg 
cardinal interpolation of B-spline, see [5] and [6]. 

(3).  If 0=α , then the problem becomes a special case of the corresponding problem of 
E-pline, because of the bound condition on λ . 

  مسألة الأستيفاء و الأستكمال بواسطة الأقترانات
  الأسية المتماثلة المزاحة

 علي عايد الطعاني و عبدالله محمد ربابعه

 ملخص

xE)( عدد طبيعي وليكن       nليكن   n
α     في هذا البحث سوف نثبت     .  يمثل اقتران أسي متماثل مزاح

هـذه المـسألة تعتبـر    .  R∈αصحة مسألة الأستيفاء و الأستكمال بواسطة هـذا النـوع مـن الاقترانـات لكـل             
بواسـطة كثيـرات الحـدود     ،  [2]تعميم للمسائل المناظره لها والمثبته بواسـطة الاقترانـات الأسـية المتماثلـة      

 استخدمنا  بعـض الحـسابات علـى    [2,5,6] بخلاف العمل في   .[4]  وبواسطة كثيرات الحدود المزاحة    [5,6]
  . محدودةλالكمبيوتر وفرضنا ان 
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Abstract 

The necessary and sufficient conditions for an arbitrary almost Hermitian manifold 
to be a parakählerian or a c– parakählerian manifold are established. Some examples of 
non–Kählerian parakählerian and c– parakählerian manifolds are given. 

MSC 2000: 53C40. 

Key words: almost Hermitian manifolds, parakählerian manifolds, c–parakählerian 
manifolds. 

Introduction 

The famous American mathematician Alfred Gray noted that the identities  the 
Riemannian curvature tensor of almost Hermitian manifolds satisfies are very important 
for the study of the geometry of such manifolds. In accordance with this fact, some 
classes of almost Hermitian manifolds were distinguished [8]. The following identities 
characterize these classes: 

R1. ;,),(,),( JTJZYXTZYX ℜ=ℜ  

R2. ;,),(,),(,),(,),( JTZYJXTJZYJXJTZJYJXTZYX ℜ+ℜ+ℜ=ℜ  

R3. .,),(,),( JTJZJYJXTZYX ℜ=ℜ  

A. Gray has proved that 

321 RRR ⊂⊂  

and all Kählerian manifolds belong to the R1–class [8]. The manifolds of the R1–class 
have been widely studied by many authors, and they were usually called parakählerian 
manifolds [16] or f–spaces [17]. The  subject of study of the present paper includes 
besides the parakählerian manifolds the so–called c–parakählerian manifolds, that are the 
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almost Hermitian manifolds whose Weyl tensor (or the tensor of conformal curvature) 
satisfies to a similar identity: 

.,),(,),( JTJZYXTZYX WW =  

We remark that the study of such types of almost Hermitian manifolds is closely 
connected with diverse sections of modern Riemannian and Hermitian geometry. 
Without going into details of such an extensive subject, we note the applications of the 
obtained in this direction results in the theory of  submanifolds of Riemannian manifolds 
(see, for example [9],[13],[14]). On the other hand, it is evident that the study of 
parakählerian manifolds and c–parakählerian manifolds in correlation with classical 
work in Riemannian geometry and in tensor analysis [15]. 

Preliminaries 

We consider an almost Hermitian manifold, i.e. a 2n–dimensional manifold, having 
a Riemannian metric ⋅⋅= ,g  and an almost complex structure J. Besides the following 
condition must hold 

)(,,,, 2nMYXYXJYJX ℵ∈∀= , 

where )( nM 2ℵ  is the module of smooth vector fields on M2n [11]. All manifolds, 

tensor fields and similar objects are assumed to be of the class ∞C . The tensor of 
Riemannian curvature, the Ricci tensor and the Weyl tensor are denoted by R, ric, and 
W, respectively. We recall [15] that the components of the Weyl tensor are connected 
with the components of R, ric and g by the relation  

( ) ( ),
))(( ikjliljkiljkjkilikjljlikijklijkl gggg

nn
gricgricgricgric

n
RW −

−−
+−−+

−
+=

212
1 K  

where K is the scalar curvature of M2n. Here and further the indices i, j, k, l range from 1 
to 2n. 

The setting of an almost Hermitian structure on a manifold is equivalent to the 
setting of a G–structure, where G is the unitary group U(n) [1]. Its elements are the 
frames adapted to the structure (A–frames). It is reasonable to consider the most 
important tensor written in an A–frame. This corresponds to the problems of the study of  
almost Hermitian manifolds. V. Kirichenko, who worked out such a method [11], has 
introduced the notion of the tensor spectrum. 

The spectra of the tensors, determining the almost Hermitian structure on a 
manifold, look as follows [5]: 

;,,,) ˆˆˆˆ 001 ====
ba

b
aba

a
bbaab gggg δδ  

.,,,) ˆ
ˆˆ

ˆ b
a

a
b

a
b

a
b

a
b

a
b iJJJiJ δδ −==== 002  
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(Here and further the indices a, b, c, d, h range from 1 to n, and we set naa +=ˆ , 
1−=i ). 

We recall that the fundamental (or Kählerian) form of an almost Hermitian 
manifold is determined by 

)(,,,),( 2nMYXJYXYXF ℵ∈= . 

The spectrum of the  fundamental form of an almost Hermitian manifold looks as 
follows [7]: 

.,,, ˆˆˆˆ 00 =−===
ba

b
aba

a
bbaab FiFiFF δδ  

Thus, the matrices of the Riemannian metric, of the almost complex structure J and 
of the fundamental form F of an almost Hermitian manifold in an A–frame will be 
written down as follows: 

















=
0

0

nI
nI

kjg )( ; 
















−
=

niI
niI

k
jJ

0
0

)( ; 

















−
=

0
0

niI
niI

kjF )( , 

where In is the identity matrix. 

 

The main result 

Let ∇  be the Levi–Civita connection of the metric g of an almost Hermitian 
manifold { }JgM n ,,2 . We recall [15] that the curvature operator 

)()()()(: nnnn MMMM 2222 ℵ→ℵ×ℵ×ℵℜ  

is determined by 

.),( ],[ ZZZZYX YXXYYX ∇−∇∇−∇∇=ℜ  

Definition. The tensor of Riemannian curvature of an almost Hermitian manifold is 
called the quadri–covariant tensor determined by 

)(,,,,,),(),,,( n
p MTXXXXXXXXXXXXR 2

432112434321 ∈ℜ= . 

Considering the tensor of Riemannian curvature as a quadri–linear mapping 



Abu-Saleem and Mihail 

  
104

);()()()()( +∞−∞→××× n
p

n
p

n
p

n
p MTMTMTMT 2222 , 

we mark out its properties [12]: 

 

);,,,(),,,() 431243211 XXXXRXXXXR −=  

);,,,(),,,() 342143212 XXXXRXXXXR −=  

;),,,(),,,(),,,() 03 324124314321 =++ XXXXRXXXXRXXXXR  

),,,,(),,,() 214343214 XXXXRXXXXR =  

).(,,, 2
4321

n
p MTXXXX ∈  

Theorem I. An almost Hermitian manifold is parakählerian if and only if  

.0ˆˆˆ ===
cdbabcdaabcd RRR  

Proof 

1. Let { }JgM n ,,2  be a parakählerian manifold. Then for arbitrary vector fields 

)(,,, nMTZYX 2ℵ∈  the following identity is fulfilled  

.,),(,),( JTJZYXTZYX ℜ=ℜ  

According to the definition, we have 

).,,,(),,,( JTJZYXRTZYXR =  

Hence, 

( ) .),,,(),,,( 0=− lkjilkji
lkji JJRRTZYX εεεεεεεε  

    Taking into account that the indices i, j, k, l range from 1 to 2n, we obtain 

++++ )()( ˆˆ
ˆ

bcdabcda
dcba

abcdabcd
dcba RRTZYXRRTZYX  

+−+++ )()( ˆˆ
ˆ

ˆˆ
ˆ

dcabdcab
dcba

cdbacdba
dcba RRTZYXRRTZYX  

+++−+ )()( ˆˆˆˆ

ˆˆ
ˆˆ

ˆ

cdbacdba
dcba

dabcdabc
dcba RRTZYXRRTZYX  

+−+−+ )()( ˆˆˆˆ

ˆˆ
ˆˆˆˆ

ˆˆ
dbcadbca

dcba
dcbadcba

dcba RRTZYXRRTZYX  

(1)
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+−+−+ )()( ˆˆˆˆ
ˆˆ

ˆˆˆˆ
ˆˆ

dcbadcba
dcba

dcbadcba
dcba RRTZYXRRTZYX  

+−+++ )()( ˆˆˆˆˆˆ
ˆˆˆ

ˆˆˆˆ

ˆˆ
dcbadcba

dcba
dcabdcab

dcba RRTZYXRRTZYX  

+++−+ )()( ˆˆˆˆˆˆ

ˆˆˆ
ˆˆˆˆˆˆ

ˆˆˆ
dcbadcba

dcba
dcbadcba

dcba RRTZYXRRTZYX  

.0)()( ˆˆˆˆˆˆˆˆ

ˆˆˆˆ
ˆˆˆˆˆˆ

ˆˆˆ
=++++

dcbadcba
dcba

dcbadcba
dcba RRTZYXRRTZYX  

Knowing that the eight types of the written in an A–frame components of ijklR  
completely determine the tensor of the Riemannian curvature [15], by using the property 
of the linear independence, we conclude that this identity holds if and only if 

;0;0;0;0 ˆˆˆˆ ====
dcabcdbabcdaabcd RRRR  

.0;0;0;0 ˆˆˆˆˆˆˆˆˆˆˆˆ ====
dcbadcbadcbacdba

RRRR  

In view of the properties of the tensor of Riemannian curvature (1), we can simplify 
this interstitial result. That is why the equalities (2) are equivalent to the following 
conditions: 

.ˆˆˆ 0=== cdbabcdaabcd RRR  

2. Conversely, let (3) be fulfilled. Let us consider the condition 

,ˆˆ 0=
cdba

R  

or 

),(,,,,),,,( nMTZYXTZYXR 20 ℵ∈=σσσσ  

where the operator σ  and σ  are determined by 

).(),( iJidiJid +=−=
2
1

2
1 σσ  

Considering the identity 

,),,,( 0
16
1

=−−++ iJTTiJZZiJYYiJXXR  

as a result we have 

++++ ),,,(),,,(),,,(),,,( TJZJYXRTJZYJXRJTJZJYJXRTZYXR  

+−−++ ),,,(),,,(),,,(),,,( TZJYJXRJTJZYXRJTZJYXRJTZYJXR  

(3)

(2)
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−−−++ ),,,(),,,(),,,(),,,([ JTZYXRTJZYXRTZJYXRTZYJXRi  

.)],,,(),,,(),,,(),,,( 0=++−− JTZJYJXRTJZJYJXRJTJZYJXRJTJZJYXR
 

It is evident that from this fact it follows that 

++++ ),,,(),,,(),,,(),,,( TJZJYXRTJZYJXRJTJZJYJXRTZYXR  

.),,,(),,,(),,,(),,,( 0=−−++ TZJYJXRJTJZYXRJTZJYXRJTZYJXR         (4) 

As the conditions  

0== bcdaabcd RR ˆ  

are equivalent to the following identities [3] 

);,,,(),,,( JTJZJYJXRTZYXR =  

),,,,(),,,(),,,(),,,( TJZYJXRTJZJYXRJTJZYXRTZYXR ++=  

that is why from (4) it follows that 

,),,,(),,,(),,,(),,,( 02222 =++− JTZYJXRTJZYJXRTZJYJXRTZYXR
 

or 

).,,,(),,,(),,,(),,,( JTZYJXRTJZYJXRTZJYJXRTZYXR −−=  

Obtaining from (4)  

),,,,(),,,(),,,(),,,( JTZYJXRTJZYJXRTZJYJXRTZYXR ++=  

and adding (5) and (6), we get 

),,,(),,,( TZJYJXRTZYXR = , 

that is equivalent to 

.,),(,),( JTJZYXTZYX ℜ=ℜ  

Theorem II. An almost Hermitian manifold is c–parakählerian if and only if  

.ˆˆˆ 0===
cdbabcdaabcd WWW  

The proof of this Theorem is completely the same that of the Theorem I. It is 
sufficient to substitute in the first proof letter R to letter W. Of course, this is explained 
by the fact that the Weyl tensor has similar properties with the tensor of Riemannian 
curvature [15]. 

(5) 

(4)

(6)
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Some examples of parakählerian and c– parakählerian manifolds 

In conclusion we give some new examples of parakählerian and c–parakählerian 
manifolds. In [5] the Riemannian curvature tensor spectrum of six–dimensional 
Hermitian (general–type) submanifolds of Cayley algebra is computed. We have 
obtained such results: 

;ˆˆˆ 0===
cdbabcdaabcd RRR  

∑−=
ϕ

ϕϕ ,ˆˆˆˆ bdcadcba TTR  

where }{ ϕ
kjT  are components of the configuration tensor (in A. Gray’s notation [7], or 

Euler curvature tensor [6]). Throughout, we assume that now the indices a, b, c, d, h 
range from 1 to 3, the index ϕ  ranges from 7 to 8, and we set 3+= aâ . 

By force of Theorem I and (7) we state 

Proposition 1. Every six–dimensional (general–type) Hermitian submanifold of 
Cayley algebra is a parakählerian manifold. 

This fact (proved in [3] in a different way) is interesting since it gives a set of 
parakählerian but non Kählerian manifolds. Up to now only a few examples of non–
Kählerian parakählerian manifolds were known. There are many examples of non–
Kählerian Hermitian six–dimensional submanifolds of Cayley algebra in [2], [10], [12]. 
Now, we know that by force of Proposition 1 they are parakählerian manifolds. 

Let us use the Weyl tensor spectrum of six–dimensional special Hermitian 
submanifolds of Cayley algebra [5]: 

;ˆ 0== bcdaabcd WW  

.ˆˆˆˆˆˆˆˆˆˆ
ba
cd

a
dhchb

b
chdha

a
chdhb

b
dhchacdba

TTTTTTTTW δδδδδ
ϕ

ϕϕ

ϕ

ϕϕ

ϕ

ϕϕ

ϕ

ϕϕ

204
1 K

+







−−+−= ∑∑∑∑  

As from 0≡K  it follows [4] that 

0=ϕ
kjT , 

we obtain for six–dimensional special Hermitian submanifolds of Cayley algebra of zero 
scalar curvature 

.ˆˆˆ 0===
cdbabcdaabcd WWW  

By force of Theorem II and (9) we have: 

(7)

(9)

(8)
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Proposition 2. Every six–dimensional SH–submanifold of Cayley algebra of zero 
scalar curvature is a c– parakählerian manifold. 

  

 C من نمط شبه كاهلريان وبة كاهلريانشحول متعدد الطيات ال

  

 احمد محمود أبو سليم و ميخائيل بوريس بنارو

 

  ملخص

 almostفــي هــذا البحــث اســتخلص الباحثــان الــشروط الــضرورية واللازمــة لمتعــدد الطيــات مــن نــوع   
Hermition  وذلك لكي يكون متعدد طيات من النـوع  Parakahlerian أو C- parakhlerian    كـذلك يقـدم 

لـم تكـن   التـي   وC- parakahlerian و  Parakahlerianالباحثان بعض الأمثلة لمتعدد الطيات من النـوع 
  .متوفرة سابقاً
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Abstract 
The present paper is a continuation of the work in [1,2]. Here we have discussed 

the saturation result in simultaneous approximation by the iterative combination of 
Bernstein polynomials, which is introduced by Micchelli [4]. 
 
Introduction 

Following [1,2], for ]1,0[Cf ∈  was studied direct and inverse theorems in 

simultaneous approximation by the iterative combination of Bernstein polynomials nB  
introduced by Michhelli [4] as: 

(1.1)        ( )( ) ( )[ ] ( )( ) ( ) ( )( )∑
=

+








−=−−=

k

r

r
n

rk
nkn xufB

r
k

xufBIIxufT
1

1
, ,1,,  

                                    ( ) ( ) ( )( )∑ ∫
=

−+








−=

k

r

r
nn

r dufBxW
r
k

1

1

0

11 ,,1 υυυ , 

where r
nB  is the rth iterative (super position ) of the operator nB  and 

( ) ( ) ( )∑
=

− 





 −−








=

n

k

knk
n t

n
kxx

k
n

xW
0

,1, δυδυ  being the Dirac-delta function. 

In the present paper, we establish a saturation result in simultaneous approximation 
by using the iterative combinations of these operators defined in (1.1). 
 
Auxiliary Result 

Throughout this paper we assume that 10 123321 <<<<<<< bbbaaa . 

The norm 
],[

.
baC

 is the sup-norm on ],[ baC , the space of continuous functions on  

],[ ba . Let N  denote the set of natural numbers, 0N  the set of nonnegative integers. 
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By ( )1,0, ⊂ba  denote an open interval containing the closed interval 

0  and  ],[ Cba  denote the set of continuous functions on ( )1,0  having a compact 

support and  kC0  be the subset of  0C  of  times-k continuously differentiable 
function. 

 
Theorem 2.1 [1]. Let ]1,0[Cf ∈  and Npk ∈, . If )2( pkf +  exist at some point 

( )1,0∈x , then 

(2.1)      ( ) ( )[ ] ( ) ( )∑
+

=
∞→

=−
pk

pj

jpp
kn

k

n
xfxpkjQxfxfTn

2
)()()(

, ,,,,lim , 

and  
(2.2)      ( ) ( )[ ] 0,lim )()(

1, =−+∞→
xfxfTn pp

kn
k

n
, 

 
where ( )xpkjQ ,,,  are certain polynomials in x . Further, if  )2( pkf +  exists and is 

continuous on ba, , then (2.1-2.2) holds uniformly in ],[ ba . 
 

Theorem 2.2 [1]. Let pkqp +≤≤ 2 , ]1,0[Cf ∈  and )(qf  exists and be 

continuous on ba, . Then 

(2.3)       ( ) ( )( ))1(
2

2/1)(2/)(
1],[

)()(
, ,,max,. +−−−−≤− kqpq

baC

pp
kn nCnfnCffT ω , 

where ( ) ( )fpkCCpkCC ,,,, 2211 ==  and ( )δω ,)(qf  denotes the modulus of 

continuity of  )(qf  on ( )ba, . 
 

Theorem 2.3 [2]. Let 20 << α  and ]1,0[Cf ∈ . Then in the following 

statements the implications ( ) ( ) ( ) ( )iviiiiii ⇒⇔⇒  hold: 

(i) [ ]11
)( ,on  exists baf p  and ( ) ( )

[ ]
( )2/

,

)(
,

11
,. k

baC

pp
kn nOffT α−=− ; 

(ii) ( ) ( )22 ,;, bakLizf p α∈ ; 

(iii) (a)  ( )pmf +  exists and belong to ( )22 ,; bamkLip −α  for  ,1+<< mkm α  
            12,,2,1,0 −= km ; 

     (b)  ( )pmf +  exists and belong to ( )22 ,;1 baLip∗  for 1+= mkα , 
22,,1,0 −= km ; 

(iv)  ( ) ( )
[ ]

( )2/

,

)(
,

33
,. k

baC

pp
kn nOffT α−=− , 
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where ( )22 ,;, bakLiz α  denotes the class of continuous functions on [ ]22 ,ba  for 

which ( ) k
k hMbahf αω ≤222 ;,  with some 0>M . Note that ( )22 ,;1, baLiz α  

reduces to the Zygmund class ( )22 ,, baLip α∗ . 
 

Lemma 2.4 [3]. Let 10 <<< ba . If  ]1,0[Cf ∈  and 0Cg ∈  with 

( )bag ,supp ⊂ , then 

( ) ( )[ ] ( )
]1,0[

)()(
2

1 .,,.,,.,
C

p
n

p
n

k fKgkfTkfTn ≤−+ , 

where K  is a constant independent of f  and n , and ( ) ( )dttgthgh ∫=
1

0

, . 

Main Result 
In this section, we shall prove our main result. 

Theorem 3.1 (Saturation Theorem). Let ]1,0[Cf ∈  and NpNmk ∈∈  and , 0 . 

Then, in the following statements, the implications ( ) ( ) ( )iiiiii ⇒⇒  and 

( ) ( ) ( )viviv ⇒⇒  hold: 

(i)      [ ] ( ) ( ) ( ) ( )1,. and ,on  exists 
],[,

1
11

)(

11
OffTnbaf

baC

pp
kn

kp =−+  ; 

(ii)    ( ) ( ) ],[  and  ],.[. 22
22

22
12 baLfbaCAf pkpk

∞
++++ ∈∈ ; 

(iii)  ( ) ( ) ( ) ( )1,.
],[,

1

33
OffTn

baC

pp
kn

k =−+ ; 

(iv)  [ ] ( ) ( ) ( ) ( )1,.  and ,on  exists 
],[,

1
11

)(

11
offTnbaf

baC

pp
kn

kp =−+ ; 

(v)  ( ) ( ) ( )∑
++

=

++ =∈
22

22
22 0,,,  and  ],[

pk

pj

jpk xfxpkjQbaCf ,  ],[ 22 bax∈ , 

where ( )xpkjQ ,,,  are the polynomials occurring in (2.1); 

(vi) ( ) ( ) ( ) ( )1,.
],[,

1

33
offTn

baC

pp
kn

k =−+ , where the space ],.[. baCA  is defined 

as the class of absolutely continuous functions over ],[ ba  and ( )1O  and ( )1o -
terms are with respect to n  where ∞→n . 
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Proof. If ( )i  holds, following the proof of Theorem 2.3, it is clear that )( pf  is 

continuous on [ ]11 ,ba . Also, ( ) ( )iii ⇒  of Theorem 2.3, the derivative ( )12 ++ pkf  

exists and is continuous on ( )11,ba . Let 

11222211  and  bbbbaaaa <<<<<< ∗∗∗∗ . Then, we can choose a function ∗f  

with ( )11 , supp baf ⊂∗  such that ( ) ( ) ],[on    11
∗∗∗ = baxfxf  and that ∗f  is 

12 ++ pk  times continuously differentiable on ( )11,ba . By Theorem 2.1 and ( )i   we 
have  

(3.1)     ( ) ( ) ( ) ( )( )1

],[,
22

,. +−∗∗ =−
∗∗

k

baC

pp
kn nOffT  . 

          Let [ ]110 ,baC  denote the set of continuous functions q  on ( )1,0  with 

[ ]11 , supp baq ⊂ . Then [ ]110 ,baC  is a Banach space with the norm  

(3.2)     
[ ]

( )xqq
bax 11 ,

max
∈

= . 

           Also, let ( )∗∗∞
220 ,baC  denote the space of infinitely differentiable 

functions ( ) 1,0on    g with ( )∗∗⊂ 22 , supp bag . Then there holds 

(3.3)        ( ) ( )( ) ( ) qMxgxqxqTn kn
k ≤−+ ,,,

1  . 

           It follows that for a p - times continuously differentiable function 

[ ]11 , supp  and baqq ⊂∗∗  and for any ( )∗∗∞∈ 220 ,baCg , by (3.3) we get 

(3.4)      ( ) ( )( ) ( ) ( ) ( )( ) ( )xgxqxqTnxgxqxqTn p
kn

kpp
kn

k )(
,

1)()(
,

1 ,,,, ∗∗
+

∗∗
+ −=−  

                                                                     ∗≤ qM 1  , 

for all n  sufficiently large, where the constant 1M  is independent of n  and ∗q  . 

Since ∗f  is continuous on ( )11,ba , there exists a sequence { }σf  such that 

( )11
22

0 ,baCf pk ++∈σ  and that as ∗→∞→ ffσσ ,  in the sup-norm 
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],[on   . 11 ba . Then, for any ( )110 ,baCg ∞∈  and each function σf , by Theorem 
2.1 we get 

(3.5)   ( ) ( ) ( ) ( ) ( ) ( ) ( ) ( )∑
++

=

∗+

∞→
=−

22

1

)(
,

1 ,,,,,,lim
pk

j

jpp
kn

k

n
xgxpkjQxfxgxfxfTn σσσ

 ,          

where ( ) ( )∑
++

=

∗∗
++ =

22

1
22 ,,,

pk

j

j
pk DxpkjQDQ  denotes the differential operator adjoint 

to ( ) ( )∑
++

=
++ =

22

22 ,,,
pk

pj

j
pk DxpkjQDQ . 

 From (3.1) it is clear that there exists a sequence { }qn  of natural numbers such that 

 (3.6)      ( ) ( ) ( ) ( ) ( ) ( ) ( )xgxhxgxfxfT pp
knq q

,,,lim , =− ∗∗

∞→
 , 

 for every ( )∗∗∞∈ 220 ,baCg , where    ],[ 22
∗∗

∞∈ baLh  is a fixed function.    

By Lemma 2.4, we have 

(3.7)    ( ) ( ) ( )( ) ( ) ( ) σσσ ffMxgxffxffTn pp
kn

k
qq q

−≤−−− ∗∗∗+

∞→ 1,
1 ,,lim  . 

Thus, combining  (3.5 – 3.7) we get 

( ) ( ) ( ) ( ) ( ) ( )xgxhgDQxfgDQxf pkpk ,,lim, 2222 == ∗
++∞→

∗
++

∗
σσ

. 

Hence, 

(3.8)     ( ) ( )xhfDQ pk =∗
++ 22  , 

as a generalized functions. 

Since ( ) 0,,,22 ≠++ xpkpkQ , we can write (3.8) as a first order linear differential 

equation for ( )12 ++∗ pkf , it follows that ],.[. 22
)12( ∗∗++∗ ∈ baCAf pk  and also that 



Thamer 

  
116

( ) ],[ 22
22 ∗∗

∞
++∗ ∈ baLf pk . From this ( )ii  is immediate, since ],[],[ 2222

∗∗⊂ baba  

and ∗f  coincides with f  on ],[ 22 ba . 

Also, ( ) ( )iiiii ⇒  is immediate from Theorem 2.2. 

To prove ( ) ( )viv ⇒ , assuming ( )iv  and proceeding as in the proof of ( ) ( )iii ⇒ , we 
obtain 

( ) 022 =∗
++ fDQ pk , from which ( )v  is clear. 

Finally, ( ) ( )viv ⇒  follows from Theorem 2.1. 

This completes the proof of the Saturation theorem. 
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  زامن بأستخدام تركيب مايكل لمتعددات برنستننظرية التشبع في التقريب المت
  

  كريم جبر ثامر
  

  ملخص
فكــرة البحــث هنــا هــي برهنــة نظريــة   . [1,2]أن هــذا البحــث هــو أســتمرار لمــا تــم برهنتــه فــي  

  .التشبع في التقريب المتزامن بأستخدام تركيب مايكل لمتعددات برنستن
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Abstract 

In this paper, we study the mapping properties of singular integral operators on 
product spaces with kernels which belong to block spaces and are supported by 
subvarieties. Our results are essential improvements and extensions of some known 
results on singular integrals. 
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Results and Discussion 

Throughout this paper, we let ξ ′ denote ||/ ξξ for }0{\nR∈ξ and p′ denote the 

exponent conjugate to ,p  that  is  1/1/1 =′+ pp . Let  2, ≥mn . Suppose that  

 m)n (NS N or1 =−  is the unit sphere of  NR equipped with the normalized 

Lebesgue measure )(xdd ′= σσ . Let ),( ⋅⋅ΩK  be the singular kernel on 
mn RR × given by 

mn vuvuhvuvuK −−
Ω ′′Ω= |||||)||,(|),(),( , 

where ),( ⋅⋅h  is a measurable function on  )(, 111 −−++ ×∈Ω× mn SSLRR  and 
satisfies 

1 1  
( , ) ( ) ( , ) ( ) 0n mS S
u d u v d vσ σ− −Ω ⋅ = Ω ⋅ =∫ ∫ . (1.1) 

Let  0≠d  and dH be the class of all functions  R→∞),0(:φ  which are 
smooth and satisfy the following growth conditions:             

                                                           
© 2006 by Yarmouk University, Irbid, Jordan. 
* Department of Mathematics, Yarmouk University, Irbid-Jordan, husseink@yu.edu.jo; 

hamadneh2004@hotmail.com. 
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1
2 1 1

2 3 4| ( ) |  ,     | ( ) |  ,       | ( ) |d d d dt C t t C t C t t C tφ φ φ− − −′′ ′≤ ≤ ≤ ≤
 (1.2) 

for  ),0( ∞∈t , where 321 ,, CCC and 4C  are positive constants independent of  

.t  For 
1

)( dH∈⋅φ ,
2

)( dH∈⋅ψ  for some 0, 21 ≠dd , a measurable function h on 
++ × RR  and an Ω satisfying ),1.1( we define the singular integral operator 

hT ,,, Ωψφ  and its maximal truncated singular integral operator hT ,,,
*

Ωψφ  on 

mn RR ×  by 

, , , ( , ) . . ( (| |) , (| |) ) ( , )n mh R R
T f x y p v f x u u y v v K u v dudvφ ψ φ ψΩ Ω×

′ ′= − −∫  (1.3) 

and 

1 2
1 2

*
, , , {| |  , | |  }

, 0
( , ) sup ( (| |) , (| |) ) ( , )| |h u vT f x y f x u u y v v K u v dudvφ ψ ε ε

ε ε
φ ψΩ ≥ ≥ Ω

>
′ ′= − −∫ . (1.4) 

For the sake of simplicity, we denote  hh TT ,,,, ΩΩ =ψφ  and hh TT  ,
*

,,,
*

ΩΩ =ψφ  if  

.)()( ttt ≡=ψφ  

For 1>γ  let )( ++ ×∆ RRγ denote the set of all measurable functions h on 
++ × RR   such that 

.),()(sup
/1

00

1
21

0,

12

21

∞<









∫∫−

>

γ
γ dtdssthRR

RR

RR
 

 

It is easy to verify that 

 L    )( )( )( ++++++∞ ×∆⊂×∆⊂× RRRRRR γβ  

for any βγ <  and the inclusions are proper. 

       The pL  boundedness of the operators h,TΩ  and 
*
,hTΩ  under various conditions on  

Ω and h has been investigated by many authors [3, 5, 8, 9] For example, R. Fefferman 

and E. Stein proved in [ ]9 that h,TΩ and 
*
,hTΩ are bounded on pL )( mnR +

for 
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∞<< p1 if  Ω   satisfies certain Lipschitz conditions. Subsequently, the  

)1( ∞<< pLp
 boundedness of  1,TΩ  was established under weaker conditions on 

Ω , first in Duoandikoetxea [5] for )( 11 −− ×∈Ω mnq SSL with 1q >  and then in 

Fan-Guo-Pan [6] for )( 11)1,0(
1

−−
> ×∈Ω mn

qq SSB∪ which contains 

)( 11
1

−−
> × mnq

q SSL∪  as a proper subspace, where )1,0(
qB represents a block space 

(for  2=p  it was proved by Jiang and Lu in  [10]). In the meantime, under these 

weaker conditions on Ω , the question regarding the pL boundedness of *
1,TΩ  was left 

open by the above authors. Recently, Al-Qassem and Pan  [3] established the 

)1( ∞<< pLp  boundedness of a more general class of operators than *
1,TΩ  and 

*
1,TΩ  for Ω belongs to )1,0(

qB  )( 11 −− × mn SS . The appearance of the functions h in the 

kernel was also allowed in [ ] [ ] [ ]  ) 2( 6 ),(  10 2),(  5 ≥∞=≥ γγγ and [ ] )(1  3 ∞≤< γ . 

We point out, in the one parameter case, the study of the pL  boundedness of such 
kind of operators h,,,T Ωψφ  and *

h,,,T Ωψφ  was initiated by Fan-Pan in  [7] and 
subsequently by Al-Hasan- Fan in  [1] and by Al-Qassem- Al-Salman in [2]. More 
precisely, Fan and Pan obtained the following result:  

Theorem A [7]. Assume that )S(H 1n1 −∈Ω (The 1-Hardy space on the unit 
sphere in the sense of Coifman and Weiss[4]) with 

∫ =− 0)x(d)x(1nS
σΩ and h is a measurable function on R+ and satisfying 

1

1

0 0

sup ( )
R

R
R h t dt

γ
γ−

>

 
< ∞ 

 
∫    (1.5) 

for some 1>γ . For dH∈⋅)(φ  for some  ,0≠d let ( )φT  be the singular 
integral operator defined by 

( ) ( ) ( )( )
( ) . . (  )n nR

u h u
T f x p v f x u u du

u
φ φ

′Ω
′= −∫ . (1.6) 

 Then there exists a positive constant pC such that 
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( )
1 1( )np H S pp

T f C fφ
−≤ Ω  

for all p satisfying }/1,2/1min{|2/1/1| γ ′<−p and )( np RLf ∈ . 

Some years later, Al-Qassem and Al-Salman in [2] studied the pL  boundedness of 
( )φT  and its corresponding maximal truncated singular integral operator ( )*T φ  given 

by 

( ) ( )( ) ( )*
u

0

( )
( ) sup   

u u

u h u
T f x f x u u duφ

ε
ε

φ≥
>

′Ω
′= −∫ . (1.7) 

In fact, the following are the main results in  [2]. 

Theorem B. Let ( )φT  be given by (1.6). Suppose that Ω  belongs to the block space 

)( 1)0,0( −n
q SB  for some 1>q  with ∫ =Ω− 0)()(1 xdxnS σ  and h  satisfies (1.5) 

for some 1>γ . Then there exists a positive constant pC  such that 

( )
ppp

fCfT ≤φ  

for all p satisfying }/1,2/1min{|2/1/1| γ ′<−p and )( np RLf ∈ . 

Theorem C. Let ( )*T φ  be given by (1.7). Suppose that )R(Lh +∞∈ and 

)S(B 1n)0,0(
q

−∈Ω  for some 1q >  with ∫ =Ω−  0.)(d )(1 xxnS σ Then there 

exists a positive constant Cp such that 

( )
ppp

* fCfT ≤φ  

for ∞<< p1  and ).( np RLf ∈  

 

In view of the above results in the one-parameter setting and the results in [3] in the two-
parameter setting, a question arises naturally. Does the pL  boundedness of the operators 

h,,,T Ωψφ  and *
h,,,T Ωψφ  hold under the conditions ( ) S 11-n)1,0( −×∈Ω m

q SB  and 

 )R  (R h ++ ×∈ γ∆ for some 2, >γq ? 
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We shall obtain an answer to this question in the affirmative as described in the 
following theorems. 

Theorem 1.1. Let h,,,T Ωψφ  be given by (1.3). Suppose that 

)( 11)1,0( −− ×∈Ω mn
q SSB satisfies (1.1) for some 1>q  and )RR(h ++ ×∈ γ∆  

for some 1>γ . Then there exists a positive constant 0>pC  such that 

, , , ( )h p pp
T f C fφ ψ Ω ≤  (1.8) 

for any )( mnp RRLf ×∈ with .1 ∞<< p  

Theorem 1.2. Let *
h,,,T Ωψφ  be given by (1.4). Suppose that 

)( 11)1,0( −− ×∈Ω mn
q SSB  satisfies (1.1) for some 1>q  and 

 (s)h (t)h s)(t,h 21= with )R(L(.)hj
+∞∈  for .2,1j =  Then  for ∞<< p1   

there exists a positive constant pC  such that 

* p
, , , ( )  for any ( )n m

h p pp
T f C f f L R Rφ ψ Ω ≤ ∈ × . (1.9) 

We point out that Theorems 1.1-1.2 extend and improve the corresponding results 
in [6] and [9]. The paper is organized as follows. A few lemmas will be recalled or 
proved in Section 2. The proof of Theorems 1.1 and 1.2 can be found in Section 3. 

Throughout this paper, the letter C will denote a positive constant that may vary at 
each occurrence but independent of the essential variables. 

Definitions and lemmas 

The block spaces originated in the work of M.H. Taibleson and G. Weiss on the 
convergence of the Fourier series (see[18]) in connection with the developments of the 
real Hardy spaces. Below we shall recall the definition of block spaces on 

11 −− × mn SS . For further background information about the theory of spaces 
generated by blocks and its applications to harmonic analysis one can consult the 
book[12]. 

The special class of block spaces )SS(B 1m1n)u,0(
q

−− ×  (for 1−>u and 1>q ) was 

introduced by Jiang and Lu in the study of singular integral operators on product 
domains [10]. 
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Definition 1.2. A  q- block on )1(Lan  is  q11 ∞≤<× −− qSS mn function )y,x(b  
that satisfies 

                   (i) supp ;)( Ib ⊂                                      (ii) ,'
1

q
q Ib

L
≤  

where ⋅ denotes the product measure on ,SS 1m1n −− ×  and I is an interval on 
11 −− × mn SS ,i.e., 

{ } { }βα <′−′∈′×<′−′∈′= −−
0

1
0

1 :: yySyxxSxI mn
 

for some 
1

0,0, −∈′> nSxβα and .y 1
0

−∈′ mS  

Definition 2.2. The block space )SS(BB 1m1n)u,0(
q

)u,0(
q

−− ×=  is defined by  

{ } ,)(,:)(
1

),0(111),0(













∞<=Ω×∈Ω= ∑
∞

=

−−
µ

µ
µµ CMbCSSLB u

q
mnu

q

where each µC is a complex number; each µb  is a q-block supported on an interval µI  

on 1,S   11-n −>× − uS m  and  

( ) ( ){ }(0, ) (u 1) 1

1
 { }  1 logu

qM C C Iµ µ µ
µ

∞
+ −

=

= +∑ . (2.1) 

Definition 2.3. Let { } 0∪N∈µ and µI be an interval on 1m1n SS −− ×  with 

.1−< eI µ  Also, let  2   ,log
1

µθ
µµµ ωθ ==

−
I and [ )1

, , += kk
kB µµµ ωω . For 

suitable functions )(⋅φ and )(⋅ψ  defined on +R  and )(~ 111 −− ×∈ mn SSLbµ , we 

define the sequence of measures { }Zjkbjk ∈,:  ~,, µ
σ  and its corresponding 

maximal operator *
~

µ
σ b  by 
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( ) ( )

 ,* sup (f)               

; ) , (

b~j,k,
Zjk,

*
b~

~~,,
,,

f

(u,v) dudvKvvuuffd
jk

mn

BB
bbjkRR

µµ

µµ

µµ

σσ

ψφσ

∈

×
×

=

′′=∫ ∫
 

where 
µ

σ
b~,j,k

 is defined in the same way as 
µ

σ
b~,j,k

, but with µb~h  replaced by 

µb~h . The Fourier transform of 
µ

σ
b~,j,k

 is defined by 

( ) ( ) ( )( ) ( )
k, ,

 .  .
, ,

B

ˆ ,    d d . 
j

i u u v v
k j b b

B

e K u,v v u
µ µ

µ µ

φ ξ ψ ησ ξ η ′ ′− +

×

= ∫� �  

By tracking the constants in the proof of the lemma give in ([5], page 189) we have the 
following. 

Lemma 2.4 ([5]). Let { }j,kv  be a sequence of Borel measures on .mn RR ×  Suppose 

that for some  0A and 1 >>q  

 A   * sup q,
,

ffv
q

jk
Zjk

≤
∈

 

holds for every f in )× mnp R(R L . Then the following vector- valued inequality 

1 2 1 21 2
2 2

, , k,j ,
,, ,

po

* sup   v  k j k j k j
k j zk j z k j z

po

v g A g
∈∈ ∈

    ≤    
    

∑ ∑ . (2.2) 

holds for ( )qp 21211 0 =−  and for arbitrary functions{ }j,kg  on mn RR × . 

The following result was proved by Al-Qassem and Pan in [3] which is a generalization 
of a theorem due to J. Duoandikoetxea in [5]. 

Lemma 2.5 ([3]). Let L: 21 mR :Q and  SSn RRR →→  be linear transformations. 

Let { }Zjkjk ∈,: ,σ  be a sequence of Borel measures on mn RR × . Suppose that for 
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some ,2,2 ≥≥ ba  1,0,, >> BCβα and ( )∞∈ ,2po  the following hold for 

( )  RR ,  ,Zj,k mn ×∈∈ ηξ and arbitrary functions { }j,kg  on mn RR × : 

( ) ( ) ( )( ) ( )( ) , b aCB ,ˆ BjBBkB2
jk,

βα
ηξηξσ

±±
≤ QLi  

.CB *  (ii)

00 p

21

,

2
,

2

p

21

,

2
,, 













≤














∑∑

∈∈ Zjk
jk

Zjk
jkjk ggσ  

Then for 00 ppp <<′   there exists a positive constant pC  such that 

2
, p p

,
*     C  B f ;k j

k j Z p

fσ
∈

≤∑  (2.3) 

1 2
2 2

k,j p p
k,j, Z

p

*     C  B f ;fσ
∈

 
≤ 

 
∑  (2.4) 

hold for all f  in )× mnp R(R L . The constant pC  is independent of B  and the 

linear transformations L and Q . 

Lemma 2.6. Let { } )(,1,0 ++ ×∆∈>∈ RRhqN γµ ∪ for some 21 ≤< γ  and 

)(,)(
1

⋅∈⋅ ψφ dH  
2dH∈ for some  0d ,d 21 ≠ . Let µb~  be a functions on 1m1n SS −− ×  

satisfying ( )   I  b~  
-1

q

q
i

′
≤ µµ for some interval µI  on 1m1n SS −− ×  with 

 b~ (iii) and  1  b~  )(;
1

1
µµµ ≤< − iieI satisfies the vanishing conditions in (1.1) with 

Ω  replaced by  µb~ . Then there exist constants C and  α with q′<< 10 α  such 
that 

( ) 2
, , ,      Ck j bµ µσ ξ η θ≤��

 (2.5) 
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( ) 1 2kd jd2
, , ,      C   k j b

µ µ
µ

α α
γ θ γ θ

µ µ µσ ξ η θ ω ξ ω η
± ±

′ ′≤��  (2.6) 

holds for all Zjk ∈, , where { }ααα −± = t,tinft . The constant C  is independent 

of ξµ,,, jk  and .η  

Proof. We shall prove our estimates only for ,0, 21 >dd because the proof for the 

other cases 0dor  21 <d  is essentially the same. First, by (ii) it is easy to verify that 
(2.5) holds. Next, by Hölder's inequality and a simple change of variables, we have 

( ) ,  ),(  ),(  ,ˆ

1

1
,

1

1

B~,, ,k,

γω
γ

ωγ
γ

µµ

µµµ
ηξσ

′
′

× 


















≤ ∫∫∫ rs

drdssrL
rs

drdssrh jkBbjk j
 

where  

( ) ( )( ) ( )   ).()(,b~ ),(  . . 
S, 11-n∫ +−

× −= ydxdyxesrL ysxri
Sjk

jk

m σσµ
ηωψξωφ µµ

 

Now, 

                 

[ ] [ ]

 ,C                                     

  s)h(r, ),(

2

2

2

2

2

1

1

1

1 11
.,

µ

γ
ω

ω

ω

ω

θθ
γ

θ

µ

µ

µ

µ

µµ

µµ

≤

≤∫ ∫∫∑∑
−−

+

=

+

=
× rs

drds
rs

drdssrh

ik

ik

vk

vk
jk

iv
BB

 

where [ ]x  denotes the greatest integer not exceeding x . Since 1< γ ≤ 2 and 

,1 ),(, ≤srL jk  we get  

( ) .),( C  ,ˆ

1

1

2
,

1

~,,
2

γωω

µ

µµ

γ

µ
θηξσ

′














≤ ∫∫ rs

drdssrL jkbjk  

By Schwarz inequality, we have 
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( )

( ) ).( )()( ),(),(

)( )(),(~ ),(             

).(

2.2
,

111

11

ydudxdeyubyxb

ydxdyxbesrL

uxri
SSS

xri
SSjk

k

nnm

k

nm

σσσ

σσ

ξωφ
µµ

µ
ξωφ

µ

µ






=

≤

∫∫

∫∫
−−

×

−

−−−

−−

 

Therefore, 

×≤








+11

b~,j,k
C),(ˆ γ

µθηξσ
µ

 

( )( )( )
 

1 1 1

1
 

( , ) ( , ) , , ( ) ( )  ( ) ,m n nS S S
b x y b u y H x u d x d u d y

γ

µ µ µ σ σ σ− − −

′

×∫ ∫  (2.7) 

 

where  

( ) ( ) ( ) .,,
1

.

r
dreuxH uxri k

∫ −−=
µ

µ

ω
ξωφµ  

By using integration by parts and the conditions on ,φ we obtain 

( ) ( )   ).(   ,,
-1kd1 uxCuxH −≤ ξωωµ µµ  

which when combined with the trivial estimate ( ) µθµ CuxH ≤ ,,  gives 

( ) ( ) ( )

( ) ( )    . C                  

 ,,   ,,  ,,

-1-kd

-1

1 α
µ

α
µ

α
µ

αα

θξωω

µµµ

ux

uxHuxHuxH

−≤

=
 

and since 1>µθ  we get  

( ) ( )1, ,  .  ,kdH x u C x u
α αα

µ µ µµ θ ω ω ξ ξ
− −

′≤ −  (2.8) 

for any α with 0 < αq′ ≤1. Thus, by (2.7)-(2.8) and Hölder's inequality, we get 
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( ) ×≤
′

′
− γ

α

γ
α

µ
µµµ ξωωθηξσ 12~,,  ,ˆ kd

bjk C  

( )
( ) , )()(  b~  C    

 (y)(x)dd).(  ,(b~  ),(~

1

11

2

q
1

1

111

11L

-kd2

-

γγγ
α

γ
α

γ

σσξωωθ

σσξ

α
µµµµ

α
µµ

q

nm

nmm

udxdux

uxyuyxb

q
SS

SSS

′

−−
′′

′

′

−−−

′−
×

×

−≤

−′

∫

∫∫
 

where )x,, (xx n 1 …= and ).,u,(uu n…= 1  Since the last integral is finite, by 
condition (i) we obtain  

( )
2

12
, ,

ˆ ,  q kd
k j b C I

αα
γγ γ

µ µ µ µ µσ ξ η θ ω ξω ′′ ′ ′
−−

≤� . (2.9) 

By combining (2.9) with the trivial estimate (2.5) we get 

( ) 12
, ,

ˆ , kd
k j b C

α
γ θµ

µ µ µσ ξ η θ ξω ′−
≤� . (2.10) 

 

Similarly, we get 

( ) 22
, ,

ˆ , jd
k j b C

α
γ θµ

µ µ µσ ξ η θ ηω ′−
≤� . (2.11) 

To get the other estimates, we use the cancellation properties of µb~ ),( ⋅⋅  to get 

( ) ≤ ,ˆ ~,, ηξσ
µbjk  

( ) ( )  (x).(y)d d
rs

drds  ,h ),(~ 1 k.

11

11 σσωω µµµ
ξωφ

ωω
µ

µµ

sryxbe jxri
SS

k

mn∫ ∫∫ −−
× −−  

Hence, 

( ) , ,ˆ 11 d2~,, µµµ ωξωθηξσ
µ

kd
bjk C≤  

which when combined with the trivial estimate (2.5), we get 
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( ) 1

1
2

, ,
ˆ ,  kd

k j b C µ
µ

γ θ
µ µσ ξ η θ ξω ′≤� . (2.12) 

Similarly, we get 

( ) 2

1
2

, ,
ˆ ,  jd

k j b C µ
µ

γ θ
µ µσ ξ η θ ηω ′≤� . (2.13) 

By combining (2.5), (2.10)-(2.11) and (2.12)-(2.13), we get (2.6). This competes the 
proof of the lemma. 

Lemma 2.7. Let { } )R (R  h 1, q ,0 ++ ×∆∈>∪∈ γµ N  for some 1>γ  and 

( ) ( )
21

, dd HH ∈⋅∈⋅ ψφ  for some 0d,d 21 ≠ . Let µb~  be a function on 1m1n SS −− ×  

satisfying ( ) q

q
bi

′−
≤

1
1~ µµ  for some interval  S Son I 1-m1-n ×µ with 

1 b~ (ii) and ;eI
1

1 ≤< −
µµ . Then for )( mnp RRLf ×∈ and ∞≤< p1 , 

there exists a positive constant pC  which is independent of µθ  such that 

( )* 2 pb pp
f C f

µ µσ θ≤� . (2.14) 

Proof. By (1.5) we may assume that 21 ≤< γ . Without loss of generality we may 

assume that 0b~ ≥µ  and 0h ≥ . Let ( )nRS∈Φ  and )R(S m∈Ψ  be two 

Schwartz functions such that ( ) 1ˆ =ξΦ  for 
2
1

≤ξ  and ( ) 0ˆ =ξΦ  for 

  0 )( ˆ and 
2
1 for  1)(ˆ ,1 =Ψ≤=Ψ≥ ηηηξ for 1≥η . Define 

( ) ( )  ,yˆ)y(ˆ  ,xˆ)r(ˆ 21 jd
j

kd
k µµ ωΦΦωΦΦ == and the sequence of measures { }j,kλ  

by 

( ) ( ) ( ) ( )

( ) ( ) ( ) ( )
, , , , ,

j k jk,j,b k,j,b

ˆ ˆˆ ˆ, , 0,  

ˆ ˆˆˆ ˆ                  ,0 (0,0).

k j kk j b k j bµ µ

µ µ

λ ξ η σ ξ η ξ σ η

η σ ξ ξ η σ

= − Φ −

Ψ + Φ Ψ

� �

� �

 (2.15) 

By (2.15) and Lemma 2.6 and its proof we get 
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( ) 1 22
,

ˆ , kd jd
k j C µ µ

α α
γ θ γ θ

µ µ µλ ξ η θ ω ξ ω η
± ±

′ ′≤  (2.16) 

Let 

),(*sup),)((, ),(*),)(( ,
,

*
21

,

2
, yxfyxfyxfyxfg jk

ZjkZjk
jk λλλ

∈∈
=














= ∑  

and dR
M  denote the classical Hardy-Littlewood maximal function on .dR  So by 

(2.15) we have 

( ) ( )( )
( ) ( )( ) ( )

* (1)*
b

(2)* 2
b

( , ) ( )( , )   ( , )

  ( , ) ( , ) 

n m

n m n m

d R R

R R R R

f x y g f x y C M id f x y

id M f x y C M M f x y

µ µ

µ µ

σ σ

σ θ

≤ + ⊗ +

⊗ + ⊗

� �

�

 (2.17) 

and  

( ) ( )( )
( ) ( )( ) ( )

* (1)*
b

(2)* 2
b

( , ) ( )( , ) 2   ( , )

2   ( , ) 2 ( , ) ,

n m

n m n m

R R

R R R R

f x y g f x y C M id f x y

C id M f x y C M M f x y

µ

µ µ

λ σ

σ θ

≤ + ⊗ +

⊗ + ⊗

�

�

 (2.18) 

where 

( )

( ) ( )
( ) ( ) .),(K  ), (  ),(*

,),(K  ) ,(  ),(*

1,2,i ,),(* sup      ),(    

~B
2

~,,

~B
1

~,,

(i)
b~j,k,Zjk,

*
~

,k,

,k,

dudvvuyuuxfyxf

dudvvuvvyxfyxf

yxfyxf

bBbjk

bBbjk

i
b

j

j

∫

∫
′Φ−=

′Ψ−=

==

×

×

∈

µµµ
µ

µµµ
µ

µµ

σ

σ

σσ

 

 

Now, 



Al-Qassem and Ali 

  
132

( ) ( )

( )    ,
s
ds(v)d (s)b~  )(,   C    

  ,*  

o,SB

1
~,,

1-m
j,

σψθ

σ

µµ µ

µ

∫∫ −≤ vsyxf

yxf
bjk

 

where  

∫ ∫== (u).d ),(b~  (v)b~ and ),()(~
   1-n

,

S
o,, σµµµ µ

vu
r
drsrhsh

kBo  

It is easy to verify that µ,oh~  satisfies (1.5) with 

γ
µ

γ

µ θ
γ

µ

2
,oB C

s
ds)s(h~

1

,j
≤







∫  

and µ,ob~  is a function on 1-mS  with 

  1.b~ and ~
)(Lo,

1
)(, 111

≤≤
−−

′−
mmq S

q
SLo Ib µµ  

Then by following the proof of the pL  boundedness of the corresponding maximal 
function in the one-parameter setting in [ ]2 , we get 

( )1 * 2 p n m( ) for 1   and (R R ).pb pp
f C f p f L

µ µσ θ≤ < < ∞ ∈ ×�  (2.19) 

Similarly, we get 

( )2 * 2 p n m( ) for 1   and (R R ).pb pp
f C f p f L

µ µσ θ≤ < < ∞ ∈ ×�  (2.20) 

By (2.16) and Plancheral's theorem we obtain 

2
2 2

( ) .g f C fµθ≤  (2.21) 

By the pL  boundedness of the Hardy-Littlewood maximal function, (2.18) and (2.19)-
(2.21) we get 

* 2
22

( )f C fµλ θ≤  (2.22) 
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With C  independent of ).,(~
⋅⋅µb  Applying Lemma 2.4 (for 4p 2,q 0 == ) in 

conjunction with the trivial estimate ,C 2
j,k µθλ ≤ we get 

1 2 1 2
2 2 2

, , ,
, ,

* .
ok j k j p k j

k j Z k j Z
po po

g C gµλ θ
∈ ∈

   
≤   

   
∑ ∑  (2.23) 

 

By (2.16) and Lemma 2.5 we get 

2 4( ) for  , 4 .
3pp p

g f C f pµθ  ≤ ∈ 
 

` (2.24) 

By the pL  boundedness of the Hardy-Littlewood maximal function, (2.19)-(2.20) and 
(2.24), we get 

* 2 4( )  for  , 4
3pp

f C f pµλ θ  ≤ ∈ 
 

 (2.25) 

 

holds for some positive constant pC  independent of µθ . Repeating the process used 

for (2.22) again with ,8p,
3
4q 0 == we obtain 

2 8( )  for  ,8 .
7pp p

g f C f pµθ  ≤ ∈ 
 

 (2.26) 

 

Since the argument can continue as many as one needs, we eventually have 

2( )  for  (1, ) .pp p
g f C f pµθ≤ ∈ ∞  (2.27) 

 

Thus, by (2.17) we conclude that 

* 2( )  for  1   .pb pp
f C f p

µ µσ θ≤ < < ∞�  (2.28) 
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Since 

* 2( )b pf C f
µ µσ θ

∞∞
≤  (2.29) 

 

holds trivially. This completes the proof of the lemma. 

 

Lemma 2.8. Let { } 0. somefor   (.)  and  0 ≠∈∪∈ dHN dφµ  Define the 

maximal function φM  by 

.
t
dt))t(x(fsup)x(fM

,kB
Zk

∫ −=
∈

φ
µφ  

Then for )( np RLf ∈ and ,1 ∞≤< p  there exists a positive constant pC  which is 

independent of µθ  such that 

.fC)f(M
ppp µφ θ≤  

A proof of this lemma can be obtained by using similar arguments as the proof of 
Lemmas 2.6 and 2.7. We omit the details. 

 

3  Proof of main results 

Proof of Theorem 1.1. Assume that )( 11)1,0( −− ×∈Ω mn
q SSB  for some q >1 and 

satisfies (1.1).  Thus Ω  can be written as ∑
∞

=

=Ω
1

,
µ

µµbC  where µµ bCC  ,∈  is a q-

block supported on an interval  µ1 on  SS 1-m1-n × and { }( ) .  CM (0,1)
q ∞<µ To each 

block function ),,( ⋅⋅µb  let ( , )bµ ⋅ ⋅�  be a function defined by 

∫ ∫
∫

−−

−

×
+

−=

).v(d)u(d)v,u(b)v(d)v,x(b -                 

)u(d)y,u(b)y,x(b)y,x(b~

1m1n1-m

1n

SSS

S

σσσ

σ

µµ

µµµ
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Let { }1: −<∈= eIND µµ  and let ∑
∈

−Ω=
D

bCb
µ

µµ .~~
0  Then it is easy to verify 

that, for all { } µµ bD ~ ,0∪∈  satisfies the following: 

1 m-1S
( ,.) ( )        (.,v)d (v) 0;nS

b u d u bµ µσ σ− = =∫ ∫� �  (3.1) 

1

q
b        C I ;

q

µ µ

′−
≤�  (3.2) 

1
b        C;µ ≤�  (3.3) 

{ }D 0
       C ,bµ µ

µ∈ ∪

Ω = ∑ �  (3.4) 

where 0I  is an interval on  1-m 1-n SS ×  with 
2

0 eI −=  and C  is a positive 

constant independent of µ . Without loss of generality we may assume that 

)RR(h ++ ×∈ γ∆  for some .21 ≤< γ  Thus 

{ }
, , ,

0
( )  ( ) ,h p p

D
T f C T fφ ψ µ µ

µ
Ω

∈ ∪

≤ ∑  (3.5) 

where  

( ) ( )( ) .   ,  ..),)(( ~R n (u,v) dudvKvvyuuxfvpyxfT bR m
µ

ψφµ ∫ ′−′−= ×  

By (3.1)-(3.3) and Lemmas 2.4-2.7 we get 

2
, ,

,
( ) * pk j b pp

k j Z p

T f f C f
µµ µσ θ

∈

= ≤∑ �  (3.6) 

and hence by (2.1), (3.5) and (3.6) we get (1.8). 

Proof of Theorem 1.2. We argue as in the proof of Theorem B in [3]. We only give a 
sketch of the proof. By (3.4), we have. 

{ }

* *
, , ,

0
( )   ( ) ,h p p

D
T f C T fφ ψ µ µ

µ
Ω

∈ ∪

≤ ∑  (3.7) 
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where  

{ } ( ) ( )( ) .dudv)v,u(K vvy,uuxfsup)f(T b~v,u
0,

*
21

21
µ

ψφεε
εε

µ ∫ ′−′−= ≥≥
>

 

We notice that the proof of Theorem 1.2 is finished if we can show that 

* 2 .p pp
T f C fµ µθ≤  (3.8) 

 

To this end let )RR(T mn
0 ×∞

 be the subspace of )RR(C mn
0 ×∞

 generated by 

functions of the form ,ψφ ⊗  where . )( and  )( 00
mn RCRC ∞∞ ∈∈ ψφ  Now, 

for any ,0, 21 >εε  there exist integers Zj,k ∈  such that 
1

2
1

1  and  ++ <≤<≤ jjkk
µµµµ ωεωωεω . Hence we have for 

)RR(Tf mn
0 ×∈ ∞

 

* *
*, 2 1, 1 2,( , ) ( , ) ( , ) ( , ) ( , ),bT f x y T f x y h T f x y h T f x y f x y

µµ µ µ µ σ
∞ ∞

≤ + + + � (3.9) 

where  

{ } ( ) ( )

{ } { } ( ) ( ) ( ) dvduuh
u

vub
vvyuuxf

v

yxfT

dudvvuKvvyuuxf

yxfT

numv
Zjk

buu
Zjk

kjj

jk

 
),(~

  ) , (1sup

),(                                 

,),() , (sup

),(                                  

1
,

,1

~,
,

*,

1

′′
′−′−

=

′−′−

=

∫∫

∫

><≤
∈

>>
∈

+
µ

ωωω

µ

ωω

µ

ψφ

ψφ

µµµ

µµµ

 

and 

{ } { } ( ) ( ) ( ) . 
),(b~

) ,(1sup

),(                                        

2
,

,2

1 dudvuh
u

vu
vvyuuxf

v

yxfT

munv
Zjk

jkk

′′
′−′−

=

∫∫ ><≤
∈

+
µ

ωωω

µ

ψφ
µµµ
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First, by Lemmas 2.6-2.8 and invoking Theorem 22 from [3] along with the arguments 
in [3], we get 

2 p n m
*( )  for 1  and (R R ).pp p

T f C f f Lµθ≤ < ∞ ∈ ×  (3.10) 

For µ,1T  we have 

1

*
1, , ,( , ) ( ( ,.))( ) (v)

m
v v

S

T f x y C M S f x y dµ ψ φ σ
−

≤ ∫  (3.11) 

where 

( )( ) ( ) ( )duuh
u

vub
uuxgxgS

ku
n

Zk
v  

,~
 sup)( 111

*
, ∫

>∈

′′
′−=

µω

µ
φ φ  

and 

∫
+

−=
∈

1

.))((sup)( 22,

j

j t
dtvtygygM

Zj
v

µ

µ

ω

ω
ψ ψ  

By following the proof of Theorem 4 in [2] we get that for ∞<< p1  there exist 

)1,0(p ∈β  and 0Cp >  such that 

1 11

1
0

, 1 ( )( ) ( )
(., )

p

p np n nvg p L RL R L S
S C b v gµ

β

φ µ µθ
−

 
−  

 ′≤ �  (3.12) 

for all ).R(Lg np
1 ∈  By using Lemma 2.8 and (3.11)-(3.12) we have  

2
1, p pp

T f C fµ µθ≤  (3.13) 

for ∞<< p1  and ( )mnp RRLf ×∈ . Similarly, 

2
2, p pp

T f C fµ µθ≤  (3.14) 
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for ∞<< p1  and ( )mnp RRLf ×∈ . Therefore, by (3.9)-(3.10) and (3.13)-
(3.14) and Lemma 2.7 we get (3.8). This completes the proof of Theorem 1.2. 
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   لمؤثر تكاملي معتل ذي نواة طفيفة على مضروب الفضاءاتpL تتقريبا

  
  حسين القاسم ومحمد العلي

  
  ملخص

فــي هــذا البحــث، نــدرس خــواص مــؤثرات التكــاملات المعتلــة علــى مــضروب الفــضاءات ذات أنويــة تابعــة    
 البحـث تعتبـر امتـدادا و تحـسيناً ضـرورياً       النتـائج المقدمـة فـي     . لفضاءات بلوك و مدعومة بما دون التغيرات      

  . لبعض النتائج المعروفة حول التكاملات المعتلة
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Abstract 

Security of MMD(Multi-Media Data) for any computer system application is vital 
and crucial since data is transferred via networks. Since Multimedia Data (MMD) 
encapsulates all types of data from structured text (fields and lines) through free text 
(pages, books ...etc.) to images (still and moving) to sound and all of them nowadays are 
digital. In this paper, a cryptography system is provided. It is based on the integration of 
two well-known algorithms, the public-key and the data encryption standard. The new 
integrated cryptography system incorporates a number of public and private keys. A new 
approach for generating secure keys is also adapted. This approach ensures high 
reliability secrecy. It also handles encrypted information efficiently such that attempts to 
break the coded messages will eventually fail. In addition, the new system extends the 
mapping character set by handling multilingual messages. Finally, some results of our 
experiments are presented. 

Key words: RSA Algorithm, DES Algorithm, Cryptograph, Triple DES, Multimedia 
Data 

Introduction 

The growths of the Internet and electronic commerce have brought to the forefront 
the issue of privacy in electronic communication. Larges volumes of personal and 
sensitive information are electronically transmitted and stored every day. Firms and 
individuals would like seeing their messages sent to another firm or individual without 
being intercepted and/or read without their knowledge or consent. Tools to ensure the 
privacy and confidentiality of paper-based communication have existed for a long time 
[11]. Similar tools exist in the electronic communications arena.  

Encryption is one of the methods used frequently for making a communication 
private. Anyone wanting to send a private message to another user encrypts (enciphers) 
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the message before transmitting it. Only the intended recipient knows how to correctly 
decrypt (decipher) the message. Anyone who was "eavesdropping" on the 
communication would only see the encrypted message. Because they would not know 
how to decrypt it successfully, the message would make no sense to them. As such, 
privacy can be ensured in electronic communication.  

The threat of intercepting and decoding data during its transfer across network 
channels has increased as the knowledge of networks and protocols has become obvious 
and more widespread. Methods for controlling the safety and integrity of information 
become essential. Cryptography is the promise that provides secrecy for data and 
messages sent over channels where listening and information interception are possible. 
Cryptography aims to protect MMD transmitted over the high-speed electronic media or 
stored in computer systems. Cryptograph provides a number of objectives including 
[1,9]. 

Secrecy (Privacy): which is the protection of data from unauthorized disclosure. 

Authenticity (Integrity): which is the protection of data from unauthorized 
modification. 

Tempering(Active Wiretapping): Which a deliberate message modification or 
injection of false messages. 

Security: Resistance of the algorithm to cryptanalysis, soundness of its mathematical 
basis, randomness of the algorithm output, and relative security compared with 
other candidates. 

Cost: Licensing requirements, computational speed and efficiency on various platforms, 
and memory requirements Speed of the algorithm on a variety of platforms, based 
on 128, 192 and 256 bit keys. 

Algorithm and Implementation Characteristics: flexibility, suitability to hardware 
and software, and the simplicity (or complexity) of the algorithm. 

This article aims to outline the design of a cryptographic system that is based on a 
finite-machine M with a 5-tuple (P, D, ℜ, Ek, Dk) where, P = a plaintext message space, 
it is a language dependent, D = a cipher text message space. This space may belong to 
{P∪Ω} where Ωcould be any set from the ASCII code or the null set  ∧. ℜ = a key 
space. Ek = a family of enciphering mapping i.e. Ek : P → D, where k∈ℜ. 

The fifth component of the finite-machine is Dk which is the family of deciphering 
mapping i.e. Dk : D → P, where k ∈ℜ.This machine structure is illustrated in Fig. 1. A 
cryptosystem must satisfy three conditions: 

1) The encryption and decryption transformation or mapping must be efficient for all 
keys, 

2) The system must be easy to use, and 

3) The security of the system must only depend on the secrecy of the keys and not on the 
secrecy of the algorithms themselves.  
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Most conventional (classical) crypto-systems are one-key systems (symmetric) 
where encryption and decryption keys are easily determined from each other. The DES 
(Data Encryption Standard) is one of them. When both communicating parties are 
mutually trustable the one-key system is excellent for the secrecy and authenticity of 
their communications. 

The Public-Key Algorithm: The public-key algorithm is a two-key crypto-systems 
(asymmetric), the encryption and decryption keys differ in such a way that at least one 
key is computationally infeasible to determine from other. This approach is known as 
public-key system where each user has two keys; one is a public key and the other is a 
private key. By this way, any two users may communicate with each other knowing only 
other's public key. Two examples of Public-Key algorithm are SSL (Secure Socket 
Layer) and S-HTTP ( Secure Hypertext Transportation Protocol). 

When two users A and B, for example, would like to communicate and A knows 
B's public key transformation EB. A can transmit a message P to B in secrecy by 
sending the cipher text C= EB(P). B will decrypt C using his own private 
transformation DB getting DB(C) = DB(EB(P)) but authenticity, in this case, is not 
observed. When B uses A's public transformation EA to compute EA(C) = EA(DA(P)) = 
P then authentication is observed but secrecy is not. In order to satisfy both secrecy 
and authenticity the following requirements must be satisfied [1,9]: 

 
Secrecy Authenticity Secrecy and Authenticity 

E A: P→ D DA: P→D EA: P→P 
DA: D→P EA:D→P DA: P→P 
DA(EA(P)) = P EA( DA(P)) = P DA( EA(P)) = P 
  EA( DA(P)) = P 

Each party applies two sets of transformations, so if A sends a message P to B 
then:  

1)  Applies A's private transformation DA,  

2)  Decrypts the result from 1 using B's public encryption transformation EB, and 

3)  Transmits the doubly transformed message C = EB( DA(P)) to B. 

To decrypt the received message B must apply the rules: B's private decryption 
transformation DB, 

Apply A's public transformation EA such that 

EA( DB(C)) = EA( DB(EB( DA(P)))) = EA( DA(P)) = P 

To create the public key Kp, the modulus n is the product of two large positive 
prime numbers p and q such that n = pq, and Ф(n) = (p-1)(q-1). 

The enciphering and deciphering functions are: 
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C = Pe mod n , where e and n are keys to the enciphering 

and 

P = Cdmod n , where d is different exponent from e  

d is computed such that mod ( d × e, Ф (n)) = 1. 
 

function Findd (phi, S : integer): integer; 
Var 

 i : integer;  
 found : boolean;  
begin 
 i := 1; found:= false;  

 while not found do 
  if ((i* S) mod phi = 1) and IsPrime(i) 
   then begin found:= true; Findd:= i end  
  else inc(i,2) 
end; { Findd) 

 

The essential point is to keep both p and q secret such that the product of p and q 
is sufficiently large. To reduce time complexity and to ensure no overflow 
occurrences, due to large exponent, we adopt two properties from modular arithmetic: 
 

xy mod z = [ (x mod z) * (y mod z)] mod z, and  

xy mod z=(x mod z)y mod z 
 

The first property can be implemented without any problems; the second one is 
implemented as follows: 

function Key ( x, y, z : integer): integer; 

var 

 r, i : integer;  

begin 

 r:= 1; 

for i:=1 to y do r:=r* x mod z; 

 Key := r 

end; 
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Fig. 1: Cryptographic system 

 

 

 
Fig. 2: A two-key cryptosystem 
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Fig. 3: Feistel principle 
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Fig. 5: The new system structure 

The complexity of this algorithm is bounded by n and it can easily be reduced to 
O(log (n))[7.10]. The security of RSA depends largely on the choice of a large n that is 
the product of two large primes. Usually n is more than 128 bits so factoring n is 
computational infeasible for most choices of n [3]. 

The Data Encryption Standard: The DES algorithm works on fixed-sized blocks 
of data. When a message m of length i is sent, it will first be split into n blocks where 
each block comprising of 64 bits. The DES uses a unique 56-bit key to encrypt each 
block into 64-bit of cipher text. The DES comprises of 19 distinct steps [7.8]. The first 
and the last two steps are transposition ciphering. The rest steps are substitutions 
mechanisms using different sub-keys automatically computed. Both sender and receiver 
use the same encryption and decryption key. The DES algorithm is the most widely used 
encryption algorithm in the world. For many years, and among many people, "secret 
code making" and DES have been synonymous. And despite the recent coup by the 
Electronic Frontier Foundation in creating an expensive machine to crack DES-
encrypted messages, DES will live on in government and banking for years to come 
through a life- extending version called "triple-DES.". 

Algorithm Design: DES is based on the Feistel principle, which iterates the same 
basic step in a number of rounds The input to round I is divided into two halves, Li and 
Ri, and the output is computed as shown in Fig. 3. 

Li+1 = Ri 

R i+1 = L i ⊕ F(Ki, Ri) 

Where F is some nonlinear function and Ki is the subkey for that round, see Fig. 2. 
The same circuit can compute the inverse of this operation: 
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Ri = L i+1 

Li = R i+1 ⊕  F(Ki, L i+1) 

DES has 16 of such rounds. Each round uses a different 48-bit sub key Ki, derived 
from the 56-bit DES key. The input to the first round is processed by an initial 
permutation, IP, the output of the last round by the inverse permutation IP-1. a sketch of 
complete DES rounds is given in Fig. 4. As mentioned earlier, the DES system uses a 
number with 56 binary digits to encode information, a value equal to approximately 72 
quadrillion. So, to crack the code, a hacker must guess which of 72 quadrillion values 
was used to encrypt the message. 

Triple-DES: Triple-DES is just DES with two 56-bit keys applied. Given a 
plaintext message, the first key is used to DES-encrypt the message. The second key is 
used to DES-decrypt the encrypted message. (Since the second key is not the right key, 
this decryption just scrambles the data further.) The twice-scrambled message is then 
encrypted again with the first key to yield the final cipher text. This three-step procedure 
is called triple-DES. Triple-DES is just DES done three times with two keys used in a 
particular order. (Triple-DES can also be done with three separate keys instead of only 
two. In either case the resultant key space is about 2^112). For some time it has been 
common practice to protect information with triple-DES instead of DES. This means that 
the input data is, in effect, encrypted three times. There are a variety of ways of doing 
this; the ANSI X9.52 standard Defines triple-DES encryption with keys k1, k2, k3 as [5.6]. 

C = Ek3(Dk2(Ek1(M))), 

where Ek and Dk denote DES encryption and DES decryption, respectively, with the 
key k. This mode of encryption is sometimes referred to as DES-EDE. Another variant is 
DES-EEE, which consists of three consecutive encryptions. There are three keying 
options defined in ANSI X9.52 for DES-EDE [5,6]: 

• The three keys k1, k2 and k3 are independent. 

• k1 and k2 are independent, but k1 = k2. 

• K1=k2= k3. 

The third option makes triple-DES backward compatible with DES. 

The Integrated System: The integrated system uses two keys p and q and a third 
special private key SA, where A stands for sender. This approach ensures to transform a 
function of the form f(m, p, q, SA) where m is the text to be enciphered. This function is 
transformed into f(C, p, q, SA) where C is the secret text. To enhance secrecy a new key 
is generated with a property that its length (L) satisfies the condition 64 bits ≤ L ≤ 128 
bits. This extension of key length makes it more likely unique and more difficult for 
someone to break the text.[8] Let us call this key the Dkey. When Dkey is applied on 
function into f(C, p, q, SA) using the mechanisms of DES, a transformation function of 
the form into f(C', p, q, Dkey) is produced. Fig. 5 illustrates the transformation 
mechanism. Performing the inverse operation requires the application of the Dkey on  
f( C', p, q, Dkey) to transform it into f( C, p, q, SA). The user must apply his own private 
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key on the above function to decrypt the ciphered text C. In other words, use the function 
f( m, p, q, SB). The integrated approach overcomes the drawbacks of the public-key and 
the DES algorithms. It also enhances security and makes text harder to break.[4] 

Discussions 

There are a number of techniques are used to attack encryption algorithms in order 
to break the code and understand the structure of keys used. The techniques used are 
factoring and timing attacks. So many hackers have been trying to find efficient ways to 
factor large numbers, so far without great success; we can assume that RSA and DES 
algorithms are safe from attack for a typical key N of length 1024 bits in length [12]. The 
best-known factoring techniques are still very slow. For example, a 512-bit RSA 
challenge number was factored using 292 workstations and high-speed computers in 
1999 but the factoring process took 35.7 CPU-years to accomplish [12].  

The second technique used for attacking encrypted messages is the timing attacks in 
which attackers precisely measure the amount of time required and analyze the timing 
variation. The attacker can recover the private key one bit at a time until the entire 
exponent is known. The probability of breaking the encrypted messages using the new 
approach is almost zero because the new approach was made more secure against 
factoring and time attacking by increasing the key length to 2048 bits instead of 1024. 
The new approach integrates two modified encryption algorithms. The job of attackers 
becomes more complicated because of doubling the key space by using Arabic character 
and English character spaces.  

Experiments  

We have applied the proposed system on a number of files contained English texts 
and Arabic text. Once the system is called a dialogue box asks users to identify whether 
want an encryption process or decryption one and a password should be provided 
between 8 characters and 16 characters in Arabic or English or mixed. Below are two 
examples using English language and the second one using Arabic language.  
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Example 1: This example shows a long plain message of English language. Only one 
paragraph of the message is displayed below. 

 
 

Part of the encrypted message is displayed below: 

 

My biggest project so far and the world's biggest stuff up is the Cradle of Humankind World 
Heritage project for which I was subcontracted to do the public participation. A friend asked 
me to join her consortium and later asked me to do all of the consultation work for R500-
000-000 as the other chap pulled out. Lo and behold if she does not come and cry on my 
shoulder one night about the and then dropping off a contract with half the amount budgeted 
for my work two days later! Psychopath, incompetent, nuts? Well, I have been doing the 
best that I can and got fantastic results in the communities. I certainly reached the pinnacle 
of my career when I was standing under a tree one Sunday afternoon, with an umbrella over 
the flip chart - it was drizzling, speaking to a bunch of black people sitting on stones around 
me. Most demanding and exhausting I'll have you know but quite satisfying and fulfilling 
engaging on this level. 
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Example 2: This example shows a plain paragraph of a message in Arabic language as 
follows. 

 
 

Part of the encrypted message is outlined below. 

 
 

Conclusions 

Our paper described a method of converting a plain text into a structure of secret 
writing. The paper outlined the new approach of perfect secrecy. It aims to preventing 
intruder and listener from guessing a key or looking for words describing actions. The 
two known algorithms, the Public-Key and the DES were outlined. An improvement 
of key generation is described. A number of experiments has been performed. Results 
show that the system is viable and it is applicable for multilingual messages. 

  إطار تقني أمثل لتحقيق طموحات الشركات الناشئة
تهدف الدراسة إلى بناء نظام متكامل يساعد إدارة الشركات على اتخاذ القرار السليم في ضوء معطيات                

تنحصر خطط الإنتاج بإتباع أسلوبين هما مقدار الإنتاج يعتمـد علـى مقـدار              . ومستلزمات الشركة نفسها  
جي ثابــت بغــض النظــر عــن مقــدار الطلــب ممــا يــستدعي الأمــر الاحتفــاظ الطلــب والثــاني اعتمــاد خــط إنتــا

 .  بخزين ليحقق الطلب غير المتوقع



A New Approach for Enhancing Encryption Mechanisms for Multimedia Data 

 
153

  منهجية جديدة لتطوير ميكانيكيات تشفير بيانات متعددة الوسائط
  

  عبد العجيلي  و بلال ابوالهدى

  

  ملخص

أمــن بيانــات متعــددة الوســائط لأي نظــام حاســوبي تطبيقــي حيــوي وحاســم، حيــث أن هــذه البيانــات   
ت مـن الـنص   تنقل من خلال شبكات الحاسوب وحيث أن البيانات متعددة الوسائط تشمل كل أنواع البيانـا          

الثابتــة  (إلــى الــصور  ) الــخ ... صــفحات وكتــب  (إلــى الــنص الحــر   ) حقــول وأســطر (المحــدود المعيــاري  
تــزود هــذه الورقــة نظــام تــشفير مؤســس علــى التكامــل بــين     . إلــى الــصوت وكلهــا الآن رقميــة ) والمتحركــة

  .نظامين معروفين جداً وهما نظام المفتاح العام ونظام تشفير البيانات المعياري

يدمج هذا النظام الجديد المتكامل للتشفير عدد من المفاتيح العامة والخاصة وكما ويتبنى طريقـة                
وتـضمن هـذه الطريقـة سـرية ذات اعتماديـة عاليـة وتعامـل المعلومــات        . جديـدة لتوليـد مفـاتيح آمنـة أيـضاً     

لـى ذلـك فـإن النظـام     علاوة ع. المشفرة بكفاءة بحيث أن محاولات اختراق الرسائل المشفرة تفشل بالنهاية    
ويعرض هذا البحث فـي النهايـة       . الجديد يوسع مجموعة الرموز المنظمة بتعامله مع رسائل بلغات مختلفة         

  .نتائج على تجاربنا على هذا النظام الجديد المتكامل للتشفير بلغتين
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Abstract 

This paper analyzes the trend of air pollutants caused by vehicles exhaust emissions 
in Irbid directorate, including carbon monoxide, carbon dioxide and hydrocarbons. The 
statistical modeling developed and studied based on one thousand gasoline vehicles were 
tested for emissions and compared with the Jordanian emissions standards.  

Two regression models were developed. The statistical results showed that there is 
no statistical evidence for the effect of the maintenance on the trend of emission levels; 
this is due to the lack of experience and techniques among the Jordanian vehicles 
technicians. However, there is a good relationship between average emission and vehicle 
characteristics such as fuel type, engine fuel supply system and engine size. These 
relationships recommended in using modern vehicles new technology such as injection 
fuel supply system, and using clean fuel such as super gasoline.  Moreover, the drivers 
should keep the catalytic converter. 

Keywords: Vehicles exhaust emissions, Air Pollution, Jordanian emissions 
standards and Regression analysis. 

Introduction: 

Vehicle emissions affect human health and the environment and are the primary 
cause of air pollution in many urban areas. Health effects associated with air pollution 
include respiratory effects, ranging in severity from cough, chest congestion, asthma, to 
chronic illness and possibly death in susceptible people (ACVEN 1997) [1].  

Two major pollutants emitted from gasoline cars, carbon monoxide (CO) and 
hydrocarbons (HC). Other emissions are carbon dioxide (CO2) and oxygen (O2).Carbon 
monoxide is a colorless, odorless, toxic gas produced by the incomplete combustion of 
organic compounds. The primary health effect of carbon monoxide is to reduce the 
oxygen carrying capacity of the blood. In ambient concentrations, CO can affect the 

                                                           
© 2006 by Yarmouk University, Irbid, Jordan. 
*   Department of Statistics, Yarmouk University, Irbid,Jordan.  
** Department of Environment and Earth science, Yarmouk University, Irbid,Jordan.  



Al-Nasser and Al-Momani 

  
156

functions of the brain, lungs, heart and ability to exercise, all of which are sensitive to 
blood oxygen content (World Health Organization – WHO, 2003) [2]. Exposure to high 
CO levels is also associated with low birth weights in infants. The other emission is 
hydrocarbons (HC), which results when unburned or partially burned fuel is emitted 
from the engine as exhaust, and also when fuel evaporates directly into the atmosphere. 
HC includes many toxic compounds that cause cancer and other adverse health effects 
(Environmental Protection Agency – EPA, 2003) [3].    

In recent years, the number of vehicles in Jordan has been increasing sharply, with 
much of the growth taking place in cities. Air quality monitoring in Jordan is limited 
especially in high traffic areas. As a result, serious problems are beginning to emerge. It 
is essential that the quality of our air should not continue to deteriorate, and preferably 
should be improved. Accordingly, this study will concentrate on measuring the harmful 
air pollutants that emitted from exhaust gases of motor vehicles in Irbid directorate. The 
carbon monoxide is measured by percentage (%CO), carbon dioxide is measured also by 
percentage (%CO2) and hydrocarbons is measured by part per million (HC - ppm). In the 
present study we will develop emission models of CO, CO2, and HC based on vehicle 
characteristics (VC) such as model year, manufacturer, fuel type, engine capacity, engine 
fuel supply system (injection/ or carburetor), periodic maintenance and test results. 
Moreover, we will investigate the relationship between exhausted gases emissions 
(EGE) and vehicle characteristics (VC). 

This paper sets the groundwork for a procedure that can be used to selectively target 
those vehicles most likely to be pollution violators. May be used as a basis for 
developing a tool to predict on-road emissions based on vehicle characteristics. 

Methodology: 

An idle emissions test measure pollutant concentrations in the tailpipe exhaust of a 
stationary vehicle with no transient vehicle operation and no engine load. The exhausted 
gases measured by using computerized exhaust gas analyzer (CEGA) (Figure 1), which 
available at the department of vehicles licensing (DVL) and the private qualified centers 
(PQC) in Irbid. The sample was taken from two certified vehicle test stations in Irbid 
directorate. The first station was (Visa Techno-test gas analyzer model Visa-4012, 
manufactured by Techno-test Company - Italy). The second station was (Sun gas 
analyzer model Sun-SMP 4000, manufactured by Sun electric company - UK)  
(Figure 1). 

The CEGA is a device for sensing the amount of air pollutants, including carbon 
monoxide, carbon dioxide and hydrocarbons, in the exhaust emissions of a gasoline 
motor at idle speed. Idle testing is not used for NOx emissions testing since NOx are 
infinite / low during idle (Joselito et. al 2001) [4].  

The data set included in DVL and PQC emission test results collected during the 
period of May 2003 - October 2003 with a total of 1000 vehicles. The data provided by 
the CEGA included tested vehicle characteristics such as model year (1965 – 2003), 
vehicle manufacturer, fuel type, date and time of tests, emission results and as well as 
engine specification (engine size and engine fuel supply system). 
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Figure (1): Computerized exhaust gas analyzer (CEGA). 

Relationships between pollutants and vehicle characteristics 

Emissions and characteristics data have been used to analyze pollution regulations 
and the possibility of implementing an environmental vehicle characterization. White 
(1982) [5] and Kahn (1996)[6] use cross-section data to investigate the evolution of 
manufacturers' compliance with pollution regulation in the United States. Under a 
different approach, Claudio and Ronaldo (2000) [7] use emissions and characteristics to 
study the possibility of implementing vehicle characteristics in Brazil. We build upon 
these previous studies in order to analyze both the evolution of compliance to the new 
regulation and the current relationship between characteristics and emissions for the 
Jordanian fleet.   

Frequency distributions 

Frequency distributions of major emissions from large numbers of vehicles are high 
skewed (see Figure 2). The majority of vehicles have relatively low emissions, while a 
relatively small number of malfunctioning vehicles have extremely high emissions.  The 
normal probability plots of the raw data as shown in Figure (3) indicate that the 
distribution is significantly deviated from normality for the three pollutants. To 
overcome this difficulty, analysts have typically used the forms of the Log-normal and 
gamma distributions to model vehicle emissions data (Stephens 1994[8], Zhang et al. 
1994[9]; Fomunung, et. al. 2000[10] and Wenzel, et. al 2000[11]). 
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Figure (2): HC, CO2 and CO distributions 

Figure (3): Normal P – P  plots for different pollutants 

Moreover, pollutant emission trend will be studied according to fuel type and 
engine size, therefore we perform Kolmogorov-Smirnove test of normality among these 
characteristics (see Table (1) and Table (2), the results also showed that the distribution 
of the characteristic categories are also deviated from normality. 
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Table (1): Kolmogorov-Smirnove tests of normality among fuel type 

.104 775 .000

.168 211 .000

.221 775 .000

.233 211 .000

.152 775 .000

.227 211 .000

Fuel Type
Normal
Super
Normal
Super
Normal
Super

CO2

HC

CO

Statistic df Sig.
Kolmogorov-Smirnov

 
Table (2):  Kolmogorov-Smirnove tests of normality among Vehicle engine size 

.123 470 .000

.127 442 .000

.106 88 .016

.247 470 .000

.222 442 .000

.254 88 .000

.178 470 .000

.167 442 .000

.168 88 .000

CAP_CAT
Small
Medium
Large
Small
Medium
Large
Small
Medium
Large

CO2

HC

CO

Statistic df Sig.
Kolmogorov-Smirnov

 
The Model 

We assume that automobile i has a production function for pollution emissions 
represented by: 

( ) iiii CMYfE ε+= ,    (1) 

where, E is the pollutant emissions from gasoline vehicles, namely; carbon 
monoxide (CO), carbon dioxide (CO2) and hydrocarbons (HC). The independent 
variables are MY, (MY:  is a vehicle model year and Ci is a vector of characteristics 
which includes, among others, injection / carburetor system, test results, maintenance, 
engine size (capacity) and fuel type. Based on equation (1) two different regression 
models are developed.  

The first regression model aims to analyze the relationships between the vehicle 
characteristics in Jordan. The emission compliance process is analyzed by fuel type 
(normal, super, and unleaded) and engine size (small, medium and large). However, 

Fuel Type 
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since only few vehicles models (14 vehicles) were using unleaded fuel we eliminate 
these cars from our database, on this basis we ended up with 986 observations. Hence, 
controlling for model year (MY), maintenance, and engine fuel supply system (I/C); the 
experimental data were transformed to natural logarithm, then ordinary least square 
(OLS) were used in our analysis since such techniques do not require an assumption 
regarding the distribution of the underlying population. The first regression model can be 
expressed in a simple version as follows: 

i
j

jji resultbsystembenanceMabtConsELn ε++++= ∑
=

+

4

1
221 **int*tan)(  ( 2 )  

where, Ei: pollutant emissions, Maintenance: number of times that the car is sent for 
usual maintenance every year, resultj is a dummy variable takes 1 if the vehicle pass 
(Jordanian emission standards- see Table 3) in the maintenance inspection and 0 if it 
fails – this variable used as a proxy for the model year, and system: dummy variable 
taking the value 1 if the engine fuel car based on injection system and 0 if this system is 
carburetor. 

Table (3): Jordanian standards of vehicles emissions. 

CO2 CO HC 

Minimum ( 10%) Maximum (5%) Maximum (600 ppm) 

The second regression equation aims at analyzing the current relationship between 
emissions and characteristics in Jordan fleet. We use 1995-2003 test data (most modern 
brand vehicles). The analysis is undertaken for the three pollutants using a simplified 
version of equation (1) is given by: 

ii sizebTypeFuelbSystembenanceMabtConsELn ε+++++= ***int*tan)( 4321 (3) 

where, Ei: pollutant emissions, Maintenance: number of times that car send for 
usual maintenance every year, System: dummy variable taking the value 1 if the engine 
fuel car based on injection system and 0 if this system is carburetor, Fuel Type: dummy 
Variable: 0-normal, 1-super, Results: dummy variable with  0:fail and 1: pass. Size 
represents the engine size. 

Result and Discussions 

Due to small number and unequal distribution of observations across time,  the 
observation classified into 4 equally time period intervals (of width 10 years) based on 
model year (1965-2003). Following Kahn (1996)[6] using a cross-section regression to 
analyze the relationship between emissions and characteristics. 

Correlation between pollutant emissions and vehicle characteristics 

Correlation coefficients were computed among pollutants and vehicle 
characteristics for all model vehicles from 1965 to 2003. The result of the correlation 
analyses is presented in Table (4) for 21 different relationships, which show that 16 
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among 21 correlations were statistically significant, 8 are positively correlated and were 
greater than or equal to 0.068 and 8 are negatively correlated and were less than or equal 
to –0.042 .  More specifically, the correlation coefficient among pollutants indicate that, 
there is strong but negative relationships between Co2 and HC (-0.536) and between 
CO2 and CO (-0.623), while there is moderate correlation between HC and CO. The 
relationships between the pollutants and the vehicle characteristics suggested that, for 
CO2, to have significant positive correlation with maintenance, System and fuel type, 
but it has significant but negative correlation with engine size. However, for the other 
pollutants; HC and CO, they have similar trend in the relationships with the vehicle 
characteristics, which is negative significant correlations with maintenance, System and 
fuel type, but there is no statistical correlation with the fuel type. Scatter plots in Figure 
(4) gives a rich descriptive picture of these relationships.  

Table (4): Correlation coefficients among pollutant and vehicle characteristics 

1.000 -.536** -.623** .104** .291** .204** -.069*
-.536** 1.000 .265** -.100** -.149** -.154** -.004
-.623** .265** 1.000 -.042 -.300** -.131** .060
.104** -.100** -.042 1.000 .068* .194** .047
.291** -.149** -.300** .068* 1.000 .256** .033
.204** -.154** -.131** .194** .256** 1.000 .186**

-.069* -.004 .060 .047 .033 .186** 1.000

CO2
HC
CO
Maintenance
System I/C
Fuel Type
Engine Size

CO2 HC CO MaintenanceSystem I/C Fuel Type Engine Size

Correlation is significant at the 0.01 level (2-tailed).**. 

Correlation is significant at the 0.05 level (2-tailed).*. 
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Figure (4): Scatter plot matrix among the pollutant and the vehicle characteristics 

Emission trends by fuel type  

Increasing CO2 levels and divergence in emission levels of HC and CO among fuel 
type can be observed in Table (5). By 1975, the emission levels of HC and CO from 
normal gasoline cars exceeded those from super gasoline cars. However, the emission 
levels of CO2 in super gasoline cars exceeded those from normal gasoline cars (see 
Figure 5). Both fuel types reduced the average emission of HC and CO with modern 
vehicles, it can be noted that, for normal fuel, the average emissions of HC and CO in 
1965-1974 were 1075.58ppm and 4.16% respectively. By 1995-2003, the average 
emissions of HC and CO are reduced by 583.67ppm and 1.45%, respectively. The 
average emissions of HC and CO for super gasoline fuel in 1975-1984 were 530.74ppm 
and 3.9%, respectively. These emission reduced by 1995-2003 by 275.08ppm for HC 
and by 2.4% for CO. These difference may be explained by the fact that, the modern 
vehicles start to use new technology, such as injection fuel system or the drivers are 
maintain their vehicles very frequently and they don't remove catalytic converter. 
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Figure (5): Mean changes in “fuel type“ variable on regulated emissions  

 

Table (5): Evolution of average emission levels of vehicles by fuel type  

8.552 2.235
1075.58 747.10
4.1642 3.6502
9.649 2.325 10.485 2.183

608.28 504.67 530.74 409.09
4.2424 2.9488 3.9089 3.2734
10.862 2.160 11.692 2.065
508.13 522.72 358.80 336.27
2.6658 2.7074 2.1005 2.2941
10.953 2.534 12.313 1.692
491.91 549.42 255.66 96.60
2.7161 2.9770 1.5547 1.9653

CO2
HC
CO
CO2
HC
CO
CO2
HC
CO
CO2
HC
CO

Year
1965-1974

1975-1984

1985-1994

1995-2003

Mean Std. Deviation Mean Std. Deviation
Normal Super

Fuel Type

 
In order to analyze this compliance, we estimate separate regressions for each fuel 

type and for the three emissions, based on equation (2). The regression results are 
presented in Table (6).  
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Table (6): OLS estimates of vehicle emissions by fuel type. 
Fuel Type Normal Super 
Emissions Ln(CO2) Ln(HC) Ln(CO) Ln(CO2) Ln(HC) Ln(CO) 

Constant **2.102 

(0.011) 
6.825** 

(0.219) 
0.435 

(0.592) 
2.212* 

(0.032) 
6.296** 

(0.098) 
1.554* 

(0.687) 

Maintenance 0.009 
(0.004) 

0.157 
(0.242) 

0.516 
(0.451) 

0.009 
(0.006) 

-0.051* 

(0.018) 
0.019 

(0.088) 
System I/C 0.041* 

(0.012) 
-0.143* 

(0.129) 
-0.104 
(0.277) 

0.06* 

(0.031) 
-0.095* 

(0.0931) 
-0.945 
(0.593) 

Results(65-74) 0.483 
(0.23) 

-1.775* 

(0.727) 
0.113 

(1.962) 
*** *** *** 

Results(75-84) 0.369** 

(0.036) 
-0.684** 

(0.100) 
-0.586* 

(0.007) 
0.281* 

(0.011) 
-0.683* 

(0.258) 
-0.976 
(0.661) 

Results(85-94) 0.334** 

((0.016) 
-0.748** 

(0.049) 
-0.788** 

(0.117) 
0.368** 

(0.037) 
-0.767** 

(0.1011) 
-0.844* 

(0.240) 
Results(95-03) 0.441** 

(0.035) 
-0.868** 

(0.085) 
-1.36** 

(0.216) 
0.362** 

(0.033) 
-0.227* 

(0.115) 
-1.072** 

(0.390) 
Adjusted-R2 0.521 0.301 0.208 0.507 0.401 0.213 

Note: standard errors in parentheses; *Statistically significant at 5%; ** Statistically significant at 
1%; *** Data are not available  

Except for CO, the characteristics perform quite well in explaining the variance of 
emissions. For both fuel types, dummy variable Results almost significant for all 
emissions for models after 1975; with negative regression coefficients (or correlations 
see Table.7) for HC, CO and positive for CO2. This implies that vehicles adopted cleaner 
technologies which decrease the average emissions in statistically significant manner. 
On the other hand, there is no statistical evidence for the effect of the maintenance on the 
trend of emission levels.  

Table (7): Correlation coefficients of vehicle emissions by fuel type. 
Fuel Type Normal Super 

Emissions Ln(CO2) Ln(HC) Ln(CO) Ln(CO2) Ln(HC) Ln(CO) 

Maintenance 0.069 0.063 0.004 0.070 -0.161 0.110 
System I/C 0.225** -0.231** -0.241** 0.228** -0.160** -0.154* 

Results(65-74) 0.571 -0.633* 0.004 *** *** *** 
Results(75-84) 0.656** -0.506** -0.233** 0.579** -0.602** -0.343 
Results(85-94) 0.699** -0.591** -0.332** 0.680** -0.537** -0.286** 

Results(95-03) 0.720** -0.660** -0.470** 0.815** -0.204 -0.311* 

Note: *Statistically significant at 5%; ** Statistically significant at 1%; *** Data are not available  
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Figure (6) Standardized residual plots against standardized predicted values by 
fuel type. 
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Figure (6) contain plots of the standardized residuals against the standardized 
predicted values for Normal fuel and Super fuel, respectively. There are no suggestions 
in any of these plots that symmetric deviations from the fitted response plan are 
presented. 

Emission trends by engine size  

The vehicles classified to be small corresponded to 1500cc engine size, medium 
engine size is higher than 1500cc and lower than 2500cc and large engine size is higher 
than 2500cc.  Divergence of HC and CO levels and increasing of CO2 among vehicles 
size is presented in Figure (7) and evolution of average emission levels in Table (8). It 
can be note that, for small engine size vehicles the average emission of HC and CO 
during the period 1975-1984 was 646.77ppm and 4.31%, respectively. Since then, they 
present greatest reduction. Small engine size vehicles reduced average emissions of HC 
by 134.81ppm and reduced average emission of CO by 1.7% from 1985-1994. More HC 
and CO emission reduction presented with modern vehicles, the average emission of HC 
reduced by 208.1ppm while the average emissions of CO reduced by 1.9% from 1995 to 
2003.  Also, HC and CO emissions from small cars by 1995 exceeds medium and large 
engine size cars, may this indication based on the fact that most of the people in Jordan 
prefer to own small engine size cars. These results confirm the same results by Claudio 
and Ronaldo (2000) [7]. Large engine size vehicles in Jordan were among the cleanest 
models in 1995-2003; average emissions of HC and CO reduced more than small and 
medium engine size vehicles. 

 
Figure (7): Mean changes in “engine size” variable on regulated emissions  
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Table (8): Evolution of average emission levels of vehicles by vehicles size. 

8.713 2.471 8.067 1.607
986.33 827.40 1343.33 433.80
5.5078 3.1932 .1333 4.163E-02

9.393 2.248 9.760 2.238 10.008 2.590
646.77 545.87 586.07 476.64 593.22 504.19
4.3129 2.9952 4.4951 2.9578 3.3635 2.9445
10.943 2.229 11.275 1.994 10.756 2.538
511.96 539.54 414.35 396.80 510.54 548.32
2.5997 2.7195 2.3200 2.4154 3.0959 2.9853
11.371 2.504 11.520 2.311 11.551 2.581
438.67 532.02 399.35 406.50 236.86 82.80
2.4171 2.6845 2.2576 2.8683 1.2671 1.8571

CO2
HC
CO
CO2
HC
CO
CO2
HC
CO
CO2
HC
CO

Year
1965-1974

1975-1984

1985-1994

1995-2003

Mean Std. Deviation Mean Std. Deviation Mean Std. Deviation
Small Medium Large

 
For better description, we undertake regression estimates of emission with respect 

to vehicles size. Regression results are presented in Table (9). 

Table (9): OLS estimates of vehicle emissions by engine size vehicles. 
Vehicles size Small Medium Large 

Emissions Ln(CO2) Ln(HC) Ln(CO) Ln(CO2) Ln(HC) Ln(CO) Ln(CO2) Ln(HC) Ln(CO) 

Constant 2.11** 

(0.016) 

6.501** 

(0.043) 

1.114** 

(0.104) 

2.099** 

(0.016) 

6.512** 

(0.050) 

1.44** 

(0.112) 

2.101** 

(0.052) 

5.748** 

(0.201) 

-0.264 

(1.499) 

Maintenance 0.008 

(0.006) 

-0.039* 

(0.015) 

0.011 

(0.037) 

0.008 

(0.005) 

-0.031 

(0.017) 

-0.079* 

(0.039) 

0.0679 

(0.028) 

0.096 

(0.109) 

-0.0195 

(0.813) 

System I/C 0.022 

(0.018) 

-0.114* 

(0.049) 

-0.448** 

(0.118) 

0.053** 

(0.017) 

-0.204** 

(0.054) 

-0.643** 

(0.122) 

-0.019 

(0.099) 

-0.096 

(0.229) 

0.772 

(0.595) 

Results(65-74) *** *** *** 0.484 

(0.262) 

-1.63 

(0.824) 

-0.95 

(0.972) 

0.433 

(0.230) 

-1.273 

(0.753) 

-0.785 

(0.582) 

Results(75-84) 0.382** 

(0.068) 

-0.599** 

(0.235) 

-0.718 

(0.554) 

0.349** 

(0.042) 

-0.619** 

(0.0120) 

-0.644** 

(0.240) 

0.338** 

(0.084) 

-1.001** 

(0.205) 

-0.513 

(0.465) 

Results(85-94) 0.351** 

(0.021) 

-0.721** 

(0.059) 

-0.839** 

(0.140) 

0.336** 

(0.021) 

-0.802** 

(0.073) 

-0.748** 

(0.171) 

0.313** 

(0.079) 

-0.801** 

(0.182) 

-0.682 

(0.474) 

Results(95-03) 0.456** 

(0.038) 

-0.822** 

(0.099) 

-1.213** 

(0.251) 

0.403** 

(0.040) 

-0.755** 

(0.112) 

-1.468** 

(0.269 

0.369** 

(0.070) 

0.579 

(0.272) 

-0.851 

(2.024) 

Adjusted-R2 0.522 0.367 0.175 0.549 0.383 0.215 0.905 0.434 0.09 

Note: standard errors in parentheses; *Statistically significant at 5%; ** Statistically significant at 
1%; *** Data are not available  

It can be noted that, except for CO, the characteristics perform quite well in 
explaining the variance of emissions. For all engine sizes, dummy variable results are 
significant for all emissions with negative regression coefficients for HC, CO and 
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positive for CO2. Medium engine size cars are statistically significant in average 
emission levels of HC and CO for all characteristics almost. This means there is 
significant reduction for the emission levels by medium engine sized cars. These results 
are confirmed also by the correlation coefficient analysis as represented in Table (10).  

Table (10): Correlation coefficients of vehicle emissions by vehicles engine size. 
Vehicles size Small Medium Large 

Emissions Ln(CO2) Ln(HC) Ln(CO) Ln(CO2) Ln(HC) Ln(CO) Ln(CO2) Ln(HC) Ln(CO) 

Maintenance 0.087 -0.126** 0.012 0.136** -0.140** -0.142** 0.192 -0.188 0.028 

System I/C 0.231 -0.243** -0.258** 0.284** -0.290** -0.321** 0.399** -0.312 0.064 

Results(65-74) *** *** *** 0.599 -0.632 -0.387 0.422 -0.357 -0.206 

Results(75-84) 0.746** -0.456** -0.277 0.657** -0.477** -0.275** 0.587** -0.654** -0.178 

Results(85-94) 0.699** -0.582** -0.377** 0.734** -0.589** -0.287** 0.574** -0.627** -0.195 

Results(95-03) 0.754** -0.634** -0.427** 0.733** -0.611** -0.520** 0.919** -0.664 -0.291 

Note: *Statistically significant at 5%; ** Statistically significant at 1%; ***Data are not available  

Moreover, Figure (8) contains plots of the standardized residuals against the 
standardized predicted values for small, medium and large engine sizes, respectively. 
There are no suggestions in any of these plots that symmetric deviations from the fitted 
response plan are presented. 

Emission trends of modern vehicles (1995-2003) 

The final analysis concern with the modern cars and their relationships with 
emission levels based on equation (3). The results of this analysis represented in Table 
(11).  

Table (11): OLS estimates and correlation coefficients for modern vehicles 
(1995-2003). 

Emissions Ln(CO2) Ln(HC) Ln(CO) Correlation 
Constant 2.308** 

(0.058) 
6.3** 

(0.13) 
0.825** 

(0.303) 
Ln(CO2) Ln(HC) Ln(CO) 

Maintenance 0.019 
(0.013) 

-0.0302 
(0.028) 

-0.095 
(0.066) 

0.197** -0.189** -0.159** 

System I/C 0.029 
(0.045) 

-0.38** 

(0.1) 
-0.172 
(0.234) 

0.113 -0.316** -0.113 

Fuel Type 0.117* 

(0.035) 
-0.320** 

(0.079) 
-0.426* 

(0.186) 
0.287** -0.357** -0.217** 

Engine Size 0.0116 
(0.031) 

-0.069 
(0.07) 

-0.271* 

(0.164) 
-0.050  -0.168** -0.137** 

Adjusted-R2 0.307 0.437 0.265    

      Note: standard errors in parentheses; *Statistically significant at 5%; ** Statistically significant 
at 1%;  
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Figure (8) Standardized residual plots against standardized predicted values by engine size. 
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The pattern of emission vehicles characteristics changed considerably from 1995 to 
2003. The regression results show that; after controlling maintenance, engine fuel supply 
system (I/C), gasoline type, and engine size; emissions HC and CO tends to decreases 
while CO2 increases by these characteristics. However, emissions (HC and CO) are 
decreases and CO2 increases by gasoline type, engine fuel supply system and engine size 
more than frequently maintenance. This relationships support the fact that modern 
technology is very important, which means; the drivers should keep the catalytic 
converter, and they better to use injection fuel suppliers and clean fuel such as supper 
fuel. Moreover, all bivariate correlations between the pollutants (HC and CO) and the 
vehicle characteristics were negative, as expected, while CO2 had positive correlation 
with the vehicle characteristics but not with the fuel type. Lastly, there is no apparent 
pattern to conclude the scatter plot (see Figure .9) that would make us conclude the 
assumptions have been violated 

 
Figure (9): Scatter plot depicting the relationship between predicted and residual 

emissions 

 
Concluding Remarks 

The regression analyses showed that the emission control technologies in the 
modern vehicles are main factors should be used in order to reduce the average 
emissions that produced from the vehicles gas exhaust in Jordan. Most of the drivers 
were removing the catalytic converter from their vehicles, for that; the emission levels in 
the old vehicles are very high comparing to the modern one. On the other hand, the 
vehicles that use super gasoline showed a good trend in saving the air to be clean. 
Moreover, the vehicles with injection fuel supplier decrease the average emissions more 
than the carburetor fuel supplier. It appears that large vehicles with injection fuel 
supplier decreased the average emissions more than small or medium engine size 
vehicles. Lastly, the frequently maintenance of the vehicles has small effect on the 
emission levels; this results may be because of the vehicle technicians have weak 
experiences and they need more training. 
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  . محافظة إربد– نموذج إحصائي للملوثات المنبعثة من عوادم المركبات
  

  طلال المومني ومجد الناصر أ

  

  ملخص

 محافظــة فـي هـذا البحـث تـم دراســة نمـوذج إحـصائي لملوثـات الجـو المنبعثــة مـن عـوادم المركبـات فـي            
ذه الدراســة بالاعتمــاد تمــت هــ. ثــاني أكــسيد الكربــون والهيــدركربوناتو أكــسيد الكربــون، أول :إربــد وأهمهــا

ســيارة تعمــل علــى  ) 1000( وقياســات ميدانيــة ل ـــعلــى بيانــات و  لعــوادم المركبــات  الأردنيــةالمواصــفاتعلــى 
 نوعيـة  : بعـض خـصائص المركبـات مثـل      وأظهرت النتائج بان هناك علاقة جيدة بين معدل الملوثات          . البنزين
  .حركالوقود و حجم المب  المحرك نظام تزويد والوقود،

ــ ــأن  .  لتحليــل الانحــدار فــي هــذه الدراســة   نم اســتخدام نمــوذجي ت ــائج ب ــدوري   أشــارت النت  الفحــص ال
  والأجهـزة للمركبات غير مجدي في تقليل معدل التلوث المنبعث من العوادم و يعزى ذلـك بـسبب قلـة الخبـرة            

  . في الأردن المختصين في صيانة المركباتلدى التقنيين

ــى اســتخدا    ــائج الدراســة إل ــات مثــل   توصــي نت ــة فــي المركب ــا الحديث نظــام تزويــد الوقــود   : م التكنولوجي
كمـا يجـب عـدم إزالـة جهـاز تنقيـة العـادم              ). الـسوبر (، واسـتخدام البنـزين الخـاص        )الانجكشن(بطريقة الحقن   

 ).المحول الحفاز(
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Abstract 

The results are presented from a clay analysis from the 786-m thick sequence of late 
Cretaceous–early Tertiary deposits in the midwestern  part of Arabian Shield (Saudi 
Arabia). 

X-Ray diffraction studies indicate a variety of clay minerals including kaolinite, 
smectite, chlorite, irregularly mixed-layer smectite–illite, regularly mixed-layer smectite-
chlorite (corrensite), sepiolite and palygorskite in the clay fraction (<2mµ) of the 
studied sedimentary formations. 

Kaolinite is formed by the weathering of the Arabian Shield rocks rich in feldspars 
and micas under warm-temperate to subtropical, humid conditions. Semctite, illite, 
smectite- illite mixed-layer and vermiculite would have been formed by the alteration of 
feldspars, micas and chlorite derived from the Arabian Shield rocks, and of the volcanic 
debris created by the volcanic activity related to Red Sea Rift system.The presence of 
corrensite, cholrite and sepiolite is related to the weathering of the Tertiary basalt flows 
overlying the Haddat Ash-Sham sediments. Mg ions necessary for the conversion of 2:1 
semctite to C-S were mainly released during the weathering of the basaltic rocks. 
Palygorskite may have been formed under arid to semi-arid climatic conditions by the 
transformation of the magnesian silicate minerals to palygorskite. 

Key Words- Arabian Shield, Clay, Corrensite, early Tertiary, Kaolinite, late Cretaceous, 
Molasse, Palygorskite, Saudi Arabia, Smectite. 

Introduction 

The Maastrichtian to Eocene-Oligocene sediments in the midwestern part of 
Arabian Shield (Saudi Arabia) consist of a large proportion of detrital materials 
including sandstone, mudstone, shale and siltstone (Fig. 1). They are overlain by Tertiary 
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lava flows of basalt rocks and rest through an erosive surface of non-conformity on the 
Precambrian rocks.   

The detailed stratigraphy, petrography, paleontology and paleoenvironments of the 
sedimentary sequences in question have been previously described by [1,15-
16,20,22,33]. On the basis of mutual field relationships and fossil contents, these studies 
indicate that the sedimentary sequences occur in three sedimentary formations, from 
oldest to youngest: Haddat Ash-Sham Formation–Usfan Formation–Shumaysi 
Formation (Fig. 2). The major parts of these sedimentary formations were deposited in 
alternate fluvio-lacustrine environmental settings as molasse deposits. Shallow water 
nearshore lake deposition , however, prevailed in the middle and upper parts of Haddat 
Ash-Sham and Shumaysi Formations [33].The regional distribution of the Usfan 
fossiliferous limestone north east of Jeddah [16] to believe that a large gulf of 
Mediterranean sea waters has extended southward from the Gulf of Suez to reach as near 
as the latitude of Jeddah (22 ْN) at Usfan . He attributed the deposition of this carbonate 
unit to the regional late Cretaceous(Maestrichtian) transgression .  

The three studied formations contain unusually high amounts of shale and 
mudstone with a content ranging from 16% to 20% of their total thickness. The variety 
of the source rocks of these fine-grained sediments may provide an excellent example of 
the variety of their clay minerals. The main aims of this paper are to describe the 
widespread occurrence of the clays, and to determine the type, distribution and origin of 
the clay minerals in the upper Cretaceous–lower Tertiary molasse deposits in the western 
part of the Arabian Shield. 

Methodology 

Out of 189 collected samples from the three studied formations, a total of 35 clayey 
sandstone, mudstone and shale samples (Fig. 2) were selected for X-ray analysis. These 
samples were dried at 60 °C for 24 hours; and during their disaggregating coarse 
materials including gravels, coarse organic fibers and shells were removed by hand. 
Sand fraction was separated from mud fraction (<63µm) by the wet sieving; and the 
pipette method was used for the separation of clay fraction (<2µm) from the silt 
fraction[9]. The clay fraction was treated by the acetic acid and H2O2 for the dissolving 
of carbonates and removal of organic matter, respectively. Oriented carbonate–free 
specimens were prepared by allowing few drops from the clay fraction (<2µm) 
suspension to dry at room temperature on three slides for twenty hours. One slide was 
left untreated, the second was ethylene glaucolated at about 60 °C overnight and third 
slide was heated to 550 °C. The XRD analysis were performed at King Abdul Aziz 
University by using the Philips automated diffractmeter(PW1820) with Cu-Kα radiation 
operating at 35Kv/20mA. Samples were  scanned as untreated, ethylene glycolated (EG) 
and heated to 550 °C from 2-16°2θ at scanning speed of 1°/min. For a distinction 
between kaolinite and chlorite the untreated samples scanned between 24-26°2θ at a 
scanning speed of 1/4° /min.[10]. 
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The identification of clay minerals in the clay size (<2µm) of the collected sediment 
samples is based on the first basal reflection (001) according to [5,21,29,32]. The 
relative abundance of clay minerals was determined on account of the height and width 
of the basal reflection [4,25].The irregularly mixed-layer smectite-illite are measured by 
the intensity of untreated (001) reflection which lies between 14 إand 10 Å. 

Results 

The identified clay minerals arranged  according to their decreasing abundance in 
the clay fraction (<2mµ) of the examined samples from the three studied formations are 
kaolinite, smectite, chlorite, irregularly mixed-layer smectite-illite, regularly mixed-layer 
smectite-chlorite (corrensite), sepiolite and palygorskite (Table 1 and Figs.3-7). 

Kaolinite forms by far the most abundant clay mineral, which is present in most 
examined samples. All other recorded clay minerals show significant differences within 
each formation and between formations themselves. Clay mineral assemblge is more or 
less uniformly distributed in the Shumaysi clay fraction . kaolinite is the more abundant 
clay mineral in the most examined samples from the Shumaysi Formation , where it is 
replaced by smectite in the upper most part of this formation (Table 1). The clay mineral 
association in the Haddat Ash-Sham Formation is generally characterized by the 
presence of regularly stratified chloride-semectite (corrensite), vermiculite and sepiolite  
clay minerals (Table1)  

The occurrence of palygorskite is restriced to the upper part of Al-Hijr sequence 
(upper Usfan Formation).  It forms the major clay mineral in the clay fraction of the 
paper –like shale (Fig.6) 

Discussion 

Kaolinite 

There are various evidences in the literature indicating that kaolinite is formed by 
lateritic weathering and intensive desilication of parent volcanic rocks under warm 
temperate to subtropical, humid conditions. [3,7,19,23,30,31]. These conditions seem to 
have prevailed during the deposition of the studied formations as indicated by the 
laterites of Tertiary age locally attaining more than 20m in thickness in Asir Province in 
the southern part of the Arabian Shield of Saudi Arabia  [24] . Laterites locally attaining 
more than 20 m thickness were protected against erosion as they are capped by late 
Tertiary volcanic sheets of basalt .   

In the examined sandstone samples collected from the studied formations , a 
variable amounts of kaolinite matrix were recorded in the form of vermicules [33]. 
Vermicular kaolinite may be formed by the weathering of mica [2,8,13,27] or of feldspar 
weathering [14,17]. This may suggest that kaolinite would had been formed by tropical 
weathering of igneous and metamorphic rocks rich in feldspars and micas in the source 
area (i.e. Arabian Shield ) and transported as detrial mineral to the basins of deposition 
of the studied formations . 
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Illite, smectite and vermiculite: 

Smectite can form by the alteration of volcanic glass, feldspar, micas, various Fe-
Mg silicates and silicification of detrital physils whereas vermiculite would form by the 
weathering of micas and chlorite [31]. Illite is formed by the continental weathering of 
feldspars, micas and possible volcanics; and by the conversion of smectite to I/S[31]. 
Generally ,semictite would form in the more arid environments; and vermiculites in the 
more humid environments and alternate wetting and drying of high layer-charge 
semectite in the presence of potassium source (K-feldspar) can result in the formation of 
mixed-layer I/S  [28,31]. 

Given the high amount of feldspar , mica and chlorite in the source rocks of the 
studied formations (Arabian Shield) and the paleoclimatic and the paleotopographic 
conditions (the uplifting of the basement rocks landmass), a pedogenic origin of smectite 
, illite , semictite –illite mixed –layer and vermiculite cannot be excluded. 

The predominance of smectite in the upper most part of the Shumaysi Formation as 
major clay mineral replacing the kaolinite may be explained as a result of the alteration 
of a volcanic ash bed in this part of the section. [1,20] have recorded the presence of the 
volcanic ash bed in the upper most part of the Shumaysi Formation 

Chlorite and chlorite-smectite mixed-layer (corrensite): 

The regular interstratified layers of C-S generally known as corrensite is restricted 
to the lower and middle parts of the Haddat Ash-Sham Formation. It has been identified 
by the superlattice peak at 29Å which shifts to 31.5Å when treated with ethylene glycol 
and 23Å when heated to 550 °C (Fig.5). 

Interstratified C-S generally occurs as an intermediate products of the smectite to 
chlorite transformations. A discontinuous decrease in proportion of smectite in C-S, with 
steps at smectite, rich C-S, corrensite and chlorite rich C-S, during the smectite to 
chlorite transformation has been observed in hydrothermal system and diagenetic 
environments [11,12,26]. Depending upon the geochemical environment, there are 
possible pathways by which corrensite may form; however, most workers agree that a 
high Mg2+/H+ ratio favor the formation of corrensite and chlorite [26]. C-S and corrensite 
are widespread in basalts where they have formed both by weathering and by 
hydrothermal activity. They have been found in metamorphosed limestone, basalts, 
volcanic detritus, adjacent to dikes which intrude shales and underlying basalt flows 
[31]. 

The Haddat Ash-Sham Formations rests uncomformably on the Precambrian 
basement rocks and overlying by Tertiary lava flows of basalt rocks. This sequence, 
therefore, favored the formation of corrensite and chlorite by the weathering of basalt 
flows overlying the clastic sediments of the  Haddat Ash-Sham Formation. The 
mobilized Mg ions during the weathering of basalt may have converted the 2:1 semctite 
to C-S. Another likely source for Mg is the detrital mafic minerals derived from the 
Precambrian basement rocks. However, the clay-sized chlorite in both Usfan and 
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Shumaysi Formations may be derived from the weathering of the metamorphic rocks of 
the relatively elevated Precambrian basement complex neighboring the Red Sea. 

Sepiolite and palygorskite: 

Sepiolite most commonly crystallizes from Si and Mg rich solutions and is 
commonly associated with carbonate and phosphate rocks ; in contrast to sepiolite, 
palygorskite contains an appreciable amount of Al [31]. Since both sepiolite and 
palygorskite are easily chemically weathered and show a delicate fiber texture, it is 
unlikely that they would be detrital. However, they do form in alkaline soils and lakes 
[7].  

Though numerous studies of arid soils from Saudi Arabia indicate that inherited and 
eolian palygorskite are common, several investigations indicate much of the palygorskite 
is pedogenic. [6] found that in eastern Saudi Arabia palygorskite was presented in saline 
sabkha soils, whereas[18] found that palygorskite in soils formed on a variety of source 
rocks in the Wadi Ar-Rimah, central Saudi Arabia. In both areas the palygorskite is 
associated with smectite and the authors belive that when palygorskite is being formed , 
smectite is dissolving and vice versa . The presence of the palygorskite in the clay 
fraction of the upper part of the Al-Hijr sequence ( upper Usfan  Formation ) , where it is 
directly underlain by the gypsiferous shale may indicate that palygorskite would had 
been formed under semi-arid or seasonably arid climatic conditions . Smectite has been 
recognized in considerable amounts in the all analyzed clay samples of Al-Hijr sequence 
except sample no . HR 15 , where it is replaced by palygroskite ( Table 1 ) which may 
suggest that palygorskite has probably been formed by the alteration of former clays (i.e. 
smectite) 

Sepiolite is recorded in association with corrensite in the lower part of Haddat Ash-
Sham Formation .This may suggest that sepiolite have the same origin as corrensite , and 
it would had been formed as a consitituent of basaltic soils during the weathering of 
basalt rocks overlying the Haddat Ash-Sham sediments .  

Conclusions 

The wide variety of rocks in the Arabian Shield basement complex, and the 
variation of climatic conditions in the upper Cretaceous-lower Tertiary time produced 
different types of clay minerals during the deposition of Haddat Ash-Sham,Usfan and 
Shumaysi Formations . 

During the humid tropical to subtropical climatic conditions kaolinite were formed 
by the weathering of igneous and metamorphic rocks rich in  feldspars and micas.Warm 
dry climates with an alternation of dry and wet conditions had resulted in the formation 
of semectite , illite ,mixed-layer I/S and vermiculite by the weathering of feldspar , mica 
and the Fe-Mg silicates.Nevertheless , the alteration of volcanic ash in the upper part of 
Shumaysi Formation is probably responsible for the presence of semectite  

 Corrensite , sepiolite and partly chlorite were probably fromed by the weathering 
of Tertiary basalt flows , which may be the source of Mg ions necessary for the 
precipitation of these minerals. Palygorskite is probably of pedogenic origin where it had 
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been formed by the alteration of semectite under semi-arid or seasonably arid climatic 
conditions.  

Table 1. Relative distribution of clay minerals in the Shumaysi (S), Haddat Ash-Sham 
(H) and Usfan (U) Formations as well as in Al-Hijr (HR) sequence. 
xxxxx  Major   xx Minor 
xxxx   Abundant   x   Scarce 
xxx     Common   (x) Trace                             (-) Not detected 

Serial 
No. 

Sample 
No. 

Kaolini
te (K) 

Smecti
te 
(S) 

Illit
e 

(I) 

Irregularly 
Mixed-

Layer (S-
I) 

Chlori
te 

(C) 

Regularl
y Mixed-

Layer 
(C-S) 

Vermiculit
e (V) 

Sepiolit
e (Sep) 

Palygorski
te (Pal) 

1- S.1.41 - xxxxx Xx Xx Xx - - - - 
2- S.1.39 - xxxxx X xx Xx - - - - 
3- S.1.37 - xxxxx X x - - - - - 
4- S.1.34 xxx xxx (x) xx Xx - - - - 
5- S.1.33 xxxxx xx - x - - - - - 
6- S.1.32 xxxxx xx X - - - - - - 
7- S.1.30 xxxx xxxx X x - - - - - 
8- S.1.28 xxxx xxx X x - - - - - 
9- S.1.27 xxxx xxx (x) x - - - - - 

10- S.1.26 xxxxx x Xx xx - - - - - 
11- S.1.25 xxx xxxx Xx xx - - - - - 
12- S.1.15 xxxxx - - - - - - - - 
13- S.1.12 xxxxx x Xx xx X - - - - 
14- HR15 - - - - Xx - - x xxxxx 
15- HR9 xxxxx xxx X xx - - - - - 
16- HR7 xxxxx xxx Xx xx - - - - - 
17- HR1 xxxxx xxx X - - - - - - 
18- U.1.18 xxxxx - - - - - - - - 
19- U.1.11 xxxxx - - - - - - - - 
20- U.1.7 xx - - - Xxx - - - - 
21- U.1.5 xxx - X - Xxxx - - - - 
22- H98 xxxx - - - Xx - - - - 
23- H93 xxxx - - - Xxxx - Xxx - - 
24- H88 xxxx - - - Xx xxx - - - 
25- H77 xxxx - - - X - Xx - - 
26- H73 xxx - Xx - - xxxx Xxx - - 
27- H61 xxxx - - - - xxx - xxx - 
28- H57 xxxxx - - - - xxxx - xxx - 
29- H52 xxxxx - - - - - - - - 
30- H24 xxxxx xxx - - - - - - - 
31- H23 xxxxx - - - - - - - - 
32- H22 xxxxx xx - - - - - - - 
33- H18 xxxx xxx X - - - - - - 
34- H12 xxxxx - - - - - - - - 
35- H4 xxxxx xxx - - - - - - - 

 



Mineralogy and Origin of Late Cretacei ous-Early Tertiary Clays in the Midwestern Arabian Shield 
(Saudi Arabia) 

 
179

 

  بتروغرافيا الصخور الرملية التابعة للطباشيري العلوي والثلاثي السفلي
  )المملكة العربية السعودية( والواقعة في منتصف الجزء الغربي للدرع العربي

  خالد بنات

  ملخص

لقد أجريت دراسـة بتروغرافيـة علـى الـصخور الرمليـة التابعـة لـثلاث تكوينـات رسـوبية تقـع فـي منتـصف                         
وهـذه التكوينـات مرتبـة حـسب وضـعها الطبقـي مـن الأسـفل الـى الأعلـى هـي                      .  الـدرع العربـي    الجزء الغربي من  

تكـــوين هـــداة الـــشام وتكـــوين عـــسفان وتكـــوين الشميـــسي والتـــي ترســـبت فـــي الفتـــرة الزمنيـــة الممتـــدة مـــن    
ئـة الفـرز   وتتميز الصخور الرملية التابعـة لهـذه التكوينـات بأنهـا ردي       . الطباشيري المتأخر وحتى الثلاثي المبكر    

وتتكــون هــذه الــصخور مــن    . ذات حبيبــات زاويــة الــى شــبه زاويــة غيــر ناضــجة نــسيجيا وغنيــة بالمــاتركس         
ويـستدل مـن الدراسـة الحاليـة     . الكوارتزواكي والكوارتزأرينايت والأرينايت تحت الأركـوزي والـواكي الأركـوزي      

كونـة للـدرع العربـي وكـذلك الـصخور      بأن هذه الصخور الرملية قد اشتقت من الصخور الناريـة والمتحولـة الم           
مرتفعـة   الرسوبية سابقة التكوين والتي تتكشف فـي المنطقـة المجـاورة للبحـر الأحمـر والتـي تتميـز بتـضاريس          

وتحتوي هذه الصخور على حبيبات من معدن الغليكونايت والتي تكونـت  . ومعدلات سريعة للتعرية والترسيب 
الجزئيـة لحبيبـات     ه الصخور الـى عمليـات تحويريـة تـضمنت الاذابـة           وقد تعرضت هذ  . بفعل التجوية الكيميائية  

  .الفلدسبار ونمو الطين وترسيب اللحام الحديدي والكلسي
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المطرحي والمحراث الحفار والمحراث القرصي القلاب  للمحراث) هكتار\لتر( الوقود المستهلك )2(ملحق
    .)Abu Sirhan et al., 2002 ( لفة مخت حراثةاعماقالقلاب عند 

 )سم(عمق الحراثة ) هكتار\لتر(الوقود المستهلك 

  محراث مطرحي  محراث قرصي  محراث حفار

  9.3  7.3  3.9  )15-10(سطحية 
  12.6  10.5  5.0  )20-15 (ةوسطمت

  19.4  16.7  6.8  )30-245( عميقة

The Estimate Cost of Primary Tillage using different Plows 
Under different Plowing Depths 

 

Al Azab, T. And Abu Sirhan, A. 
 

Abstract 

      The study was carried out to determine the cost of primary tillage using three 
plow types, namely: moldboard plow (1m wide); disk plow (1m wide); and chisel plow 
(2m wide) at three plowing depths, namely: shallow (10-15) cm; medium (15-20) cm; 
and deep (25-30) cm. Results indicated that the cost of tillage when using moldboard and 
disk plow increased by 198% to 221% than chisel plow. It also increased by increasing 
the plowing depth. Deep plowing required about 43% to 48% more in the cost, and about 
10% to 20% more for medium plowing than shallow plowing depth. 
Keywords: Tillage cost, moldboard plow, disk plow, chisel plow, plowing depth. 
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تزداد التكاليف بزيادة عمق الحراثة حيث تحتاج الحراثة العميقة إلى تكاليف أكثر من الحراثة السطحية   -2
-10أما الحراثة المتوسطة فتحتاج إلى تكاليف أكثر من الحراثة السطحية بنسبة % 48-46بنسبة 

دة التكاليف انه بزيادة العمق تقل السرعة وعليه فإن السبب في زيا.حسب نوع المحراث% 20
لذلك فإنه يجب . زمة لعملية الحراثةلاالمساحة المحروثة في وحدة الزمن تقل بسبب زيادة القدرة ال

تحديد عمق الحراثة المناسب حسب نوع المحصول المراد زراعته ونوع وحالة التربة لأن زيادة عمق 
ي في جميع الأحوال إلى زيادة الإنتاج في حين أن تكاليف الحراثة سم لا يؤد15الحراثة أكثر من 

  .2 وكما هو مبين في شكلتزداد بشكل ملحوظ
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معدل ازدياد التكاليف لجميع المحاريث بازدياد عمق الحراثة من سطحية الى متوسطة الى : 2شكل

  .عميقة

 ، العمر بالسنوات، العمر بالساعات ، الاردنيالسعر بالدينار عدد ساعات العمل السنوية، ):1(ملحق
المطرحي القلاب ، القرصي القلاب : للمحاريث) ساعة\كم (السرعة و) م(العرض ، %الكفاءة الحقلية 
  . والمحراث الحفار

عدد ساعات   نوع المحراث
  العمل السنوية

السعر 
  بالدينار

العمر 
  بالساعات

العمر 
  بالسنوات

الكفاءة 
 %حقليةال

العرض 
  م

السرعة كم 
  ساعة/

  3.6-5  1  75  15  2500  450  166  المطرحي 
  3.6-6  1  80  10  2500  650  250  القرصي
  7.5-5  2  85  10  2500  500  250  الحفار
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  النتائج ومناقشتها

إلى تكاليف أكبر عند استخدامها في عملية الحراثة ) المطرحي والقرصي( تحتاج المحاريث القلابة -1
وكما  % 221إلى % 198الأولية مقارنة بالمحراث الحفار حين تتراوح نسبة الزيادة في التكاليف من 

  .1ين في شكلهو مب
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  معدل تكاليف الحراثة بالدينار الاردني لجميع الاعماق:   1شكل 

  الحفار والقرصي والمطرحي: للمحاريث

  :وذلك  للأسباب التالية

أوالمحراث ) متر1(ضعف عرض المحراث المطرحي ) متر2( العرض الشغال للمحراث الحفار -أ
تكون مضاعفة ) ساعة\هكتار ( فإن المساحة المحروثة في وحدة الزمن وعليه) متر1(القرصي 

  .بالنسبة للمحراث الحفار

 تفتيتالمحراث الحفار عملية الحراثة بسرعة أكبر من المحاريث القلابة لأنه يعمل على   ينجز-ب
 . التربة بدون قلب وبالتالي يحتاج إلى قدرة أقل مما يزيد في سرعة إنجازه لعملية الحراثة

 من التعرية إلا  التربةبالإضافة إلى كون المحراث الحفار أقل المحاريث تكلفة فإنه يعمل على حفظ
أنه في بعض الأحيان  يكون من الضروري استخدام المحاريث القلابة وذلك في ظروف الزراعة 

ذلك المروية أو في ظروف الزراعة البعلية كل عدة سنوات لتحسين خواص التربة  الفيزيائية و
  .بتقليل صلابة التربة وزيادة التهوية




