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AN EXISTENCE AND CONVERGENCE RESULTS FOR CAPUTO
FRACTIONAL VOLTERRA INTEGRO-DIFFERENTIAL
EQUATIONS

AHMED A. HAMOUD *() KIRTIWANT P. GHADLE () AND PRIYANKA A. PATHADE )

ABSTRACT. This paper demonstrates a study on some significant latest innova-
tions in the approximated technique to find the approximate solutions of Caputo
fractional Volterra integro-differential equations. To apply this, the study uses ho-
motopy analysis method. A wider applicability of this technique is based on their
reliability and reduction in the size of the computational work. This study pro-
vides analytical approximate to determine the behavior of the solution. It proves
the existence results and convergence of the solutions. In addition, it brings some

examples to examine the validity and applicability of the proposed technique.

1. INTRODUCTION

Recently, numerous papers were concentrated on the development of analytical
and numerical methods for fractional integro-differential equations. In this paper, we

consider Caputo fractional Volterra integro-differential equation of the form:

(1.1) ‘D%(x) = a(z)u(z) + g(x) + /0:D K(z,t)F(u(t))dt,
with the initial condition

(1.2) u(0) = uo,
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where ¢D® is the Caputo’s fractional derivative, 0 < a < 1 and v : J — R, where
J = [0,1] is the continuous function which has to be determined, g : J — R and
K : JxJ — R, are continuous functions. F': R — R, is Lipschitz continuous func-
tion. An application of fractional derivatives was first given in 1823 by Abel [1] who
applied the fractional calculus in the solution of an integral equation that arises in the
formulation of the Tautochrone problem. The fractional integro-differential equations
have attracted much more interest of mathematicians and physicists which provides
an efficiency for the description of many practical dynamical arising in engineering
and scientific disciplines such as, physics, biology, electrochemistry, chemistry, econ-
omy, electromagnetic, control theory and viscoelasticity [2, 5, 6, 7, 8, 9, 16, 17, 19].
In recent years, many authors focus on the development of numerical and analytical
techniques for fractional integro-differential equations. For instance, we can remem-
ber the following works. Al-Samadi and Gumah [3] applied the homotopy analysis
method for fractional SEIR epidemic model, Zurigat et al. [22] applied HAM for
system of fractional integro-differential equations, Yang and Hou [19] applied the
Laplace decomposition method to solve the fractional integro-differential equations,
Mittal and Nigam [17] applied the Adomian decomposition method to approximate
solutions for fractional integro-differential equations, and Ma and Huang [16] ap-
plied hybrid collocation method to study integro-differential equations of fractional
order. Moreover, properties of the fractional integro-differential equations have been
studied by several authors [3, 11, 20, 22]. The homotopy analysis method that was
first proposed by Liao [15], is implemented to derive analytic approximate solutions
of fractional integro-differential equations and convergence of HAM for this kind of
equations is considered. Unlike all other analytical methods, HAM adjusts and con-

trols the convergence region of the series solution via an auxiliary parameter h.
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The main objective of the present paper studies the behavior of the solution that
can be formally determined by an analytical approximated method as the homo-
topy analysis technique. Moreover, we proved the existence and convergence of the
solutions for Caputo fractional Volterra integro-differential equation.

The rest of the paper is organized as follows: In Section 2, some preliminaries
and basic definitions related to fractional calculus are recalled. In Section 3, homo-
topy analysis method is constructed for solving Caputo fractional Volterra integro-
differential equations. In Section 4, the existence and convergence of the solution
have been proved. In Section 5, the analytical examples are presented to illustrate
the accuracy of this method. Finally, we will give a report on our paper and a brief

conclusion are given in Section 6.

2. PRELIMINARIES

The mathematical definitions of fractional derivative and fractional integration are
the subject of several different approaches. The most frequently used definitions of
the fractional calculus involves the Riemann-Liouville fractional derivative, Caputo

derivative [14, 18, 21].

Definition 2.1. (Riemann-Liouville fractional integral). The Riemann-Liouville

fractional integral of order a > 0 of a function f is defined as

JUf(z) = —/Om(x—t)o‘_lf(t)dt, x>0, a€cR",

(2.1) Jf(z) = f(x),

where R is the set of positive real numbers.
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Definition 2.2. (Caputo fractional derivative). The fractional derivative of f(x)

in the Caputo sense is defined by

“Def(x) = JTOD™f(x)

(2.2) ) s ety G Rd, m -1 <a<m,
d’;j,ﬁf), a=m, meN,

where the parameter « is the order of the derivative and is allowed to be real or even
complex. In this paper, only real and positive o will be considered.
Hence, we have the following properties:

1) JJvf=J*"f  a,v>0.

Jal,ﬁ _ Fr(ﬂ'i‘l) B+a

2 BroatD ¥
3) Dz’ = %xﬁ*a, a>0 G>-1, z>0.

(1)
(2)
(3)
(4)

4) JeDf(x) = f(x) — S, (’“)(OJF)%, >0, m—1<a<m.

Definition 2.3. (Riemann-Liouville fractional derivative). The Riemann-

Liouville fractional derivative of order o > 0 is normally defined as
(2.3) D%f(z) = D™J™ “f(x), m—1<a<m, meN.

Theorem 2.1. [21] (Banach contraction principle). Let (X,d) be a complete

metric space, then each contraction mapping T : X — X has a unique fized point x

of T in X i.e. Tx = .

Theorem 2.2. [13] (Schauder’s fized point theorem). Let X be a Banach space
and let A a convex, closed subset of X. If T : A — A be the map such that the
set {Tu : u € A} is relatively compact in X (or T is continuous and completely

continouous). Then T has at least one fived point u* € A : Tu* = u*,
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3. Homotory ANALYSIS METHOD (HAM)

Consider, N[u] = 0, where N is a nonlinear operator, u(z) is unknown function
and z is an independent variable. Let wuo(x) denote an initial guess of the exact
solution u(z), h # 0 an auxiliary parameter, H;(z) # 0 an auxiliary function, and L
an auxiliary linear operator with the property L[s(z)] = 0 when s(x) = 0. Then using
q € [0,1] as an embedding parameter, we can construct a homotopy when consider,

Nlu] =0, as follows [4, 20]:

~

(3.1) (1 —=q)L[p(x;q) — uo(x)] — ghH(x)N[d(z; q)] = H[o(; q); uo(z), Hi(z), I, q].

It should be emphasized that we have great freedom to choose the initial guess
uo(z), the auxiliary linear operator L, the non-zero auxiliary parameter %, and the
auxiliary function H;(z). Enforcing the homotopy Eq.(3.1) to be zero, i.e.,

A~

(3'2) Hl[(b(x; Q);uo(x)le(x>7h7 Q] =0,

we have the so-called zero-order deformation equation

(3.3) (1 —q)Ll¢(z; q) — uo(z)] = qhHi(x) N[o(z; q)],

when ¢ = 0, the zero-order deformation Eq.(3.3) becomes

(3.4) ¢(;0) = uo(z),

and when ¢ = 1, since h # 0 and H;(x) # 0, the zero-order deformation Eq.(3.3) is

equivalent to

(3.5) ¢(x;1) = ufx).

Thus, according to Egs.(3.4) and (3.5), as the embedding parameter ¢ increases
from 0 to 1, ¢(x;q) varies continuously from the initial approximation ug(x) to the

exact solution u(z). Such a kind of continuous variation is called deformation in
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homotopy [22]. Due to Taylor’s theorem, ¢(x;¢q) can be expanded in a power series

of ¢ as follows [10].

(3.6) (x5q) = uo(w) + ) um(@)g™,
where,
(3.7) () = % amgq(fj 9.,

Let the initial guess ug(x), the auxiliary linear parameter L, the nonzero auxiliary
parameter A and the auxiliary function H;(x) be properly chosen so that the power
series (3.6) of ¢(x;q) converges at ¢ = 1, then, we have under these assumptions the

solution series
(3.8) u(z) = ¢(z:1) = up(z) + Z U (2
From Eq.(3.6), we can write Eq.(3.3) as follows:
(3.9) (1= q)L[6(z;q) —uo(x)] = (1—q) Z U (2
= qhHl(w)N[¢(w; )],
then,
(3.10) L[fjl U (2)¢™] — gL Zum = qht, (2)N[6(: q))-

By differentiating Eq.(3.10) m times with respect to ¢, we obtain

LI un(@)q™] = gL wn(@)g™}™ = qhH,(x)N[p(z;q)) "

= MLty (x) — ty_1(x)]
0" IN[G(; )]|
ogm—1 =
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Therefore,
(3.11) Llum(2) = Xmtm-1(2)] = hHy(2) R (tm—1 (7)),
where,
__, 1 9" 'Nlp(x;q)]
12 _ =
(312) Rt (2)) = oy e |
and
0 m<1,
Xm =
1 m>1.

Note that the high-order deformation Eq.(3.11) is governing the linear operator L,
and the term R, (u,_1(z)) can be expressed simply by Eq.(3.12) for any nonlinear

operator N.

Homotopy analysis method applied to Caputo fractional Volterra integro-
differential equation. We consider Caputo fractional Volterra integro-differential
equation given by (1.1), with the initial condition (1.2).

We can define

Nip(z;q)] = “D¢(w;q) — alx)d(x;q) — g(x) — /Om K{(x, t)F((t; q))dt.
Now we construct the zero-order deformation equation
(3.13) (1 = q)*D%[p(x:q) — uo()] = ghN[(x; )],
subject to the following initial conditions
(3.14) uo(x) = ¢(0; q) = o,

where ¢ € [0, 1] is the embedding parameter, i # 0 is an auxiliary parameter, ug(z)

is an initial guess of the solution u(x) and ¢(z;¢) is an unknown function on the
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independent variables x and ¢. Also we suppose that
(3.15) °D(C) =0,

where C'is an integral constant. When the parameter ¢ increases from 0 to 1, then the
homotopy solution ¢(z;q) varies from wug(z) to solution u(z) of the original equation

(1.1). Using the parameter ¢, ¢(x;q) can be expanded in Taylor series as follows:
(3.16) o q) = uo(x) + D um(x)q™,
m=1

where u,,(x) define as (3.7).
Assuming that the auxiliary parameter h is properly selected so that the above

series is convergent when ¢ = 1, then the solution u(z) can be given by

(3.17) u(x) = uo(z) + Y tm(z).

Differentiating (3.13) and the initial condition (3.14) m times with respect to ¢, then
setting ¢ = 0, and finally dividing them by m!, we get the m**-order deformation

equation
(3.18) Dt () — XmUm—1(x)] = ARy (Um—1(2)),
subject to the following initial conditions,

(3.19) um(0) = 0,

where,
(3.20)

BTt (@) = oy et e

= “D%y_1(2) — a(@)up_1(z) — /Om K(z, 1) F(upm-1(t))dt — (1 = xm)g(@),
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and
— __
Um = Ug, UL, , Um.-

Applying the operator J* to both sides of the linear m-order deformation (3.18)
um(®) = (Xm + )t () = WS [a(@)um-1(2)
+ /Ox K(x,t)F(tpm_1(t))dt + (1 — xm)g(x)].
4. MAIN RESULTS

In this section, we shall give the existence and convergence results of Eq.(1.1), with
the initial condition (1.2) and prove it.
Before starting and proving the main results, we introduce the following hypotheses:
(A1): There exists a function K* € C(D,R"), the set of all positive function
continuous on D = {(z,t) e Rx R:0 <t <z <1} such that
K*= sup [ |K(x,t)]dt < oco.
z,t€[0,1]
(A2): The two functions a, g : J — R are continuous.

Lemma 4.1. If ug(z) € C(J,R), then u(x) € C(J,R) is a solution of the problem
(1.1) — (1.2) iff u satisfying

1 T x
u(r) = wo+ —/ (z — 5)*a(s)u(s)ds + —/ (x —5)* tg(s)ds
’ I'(a) Jo I'(a) Jo
e (] )
+— x—s)” K(s,7)F(u(7))dr | ds,
o) J, (z —s) i (s, 7) F(u(7))
forx e J.
Our first result is based on the Schauder’s fixed point Theorem.

Theorem 4.1. Assume that F is continuous function and (A1), (A2) hold, If

(4.1) % <1.

Then there ezists at least a solution u(x) € C(J,R) to problem (1.1) — (1.2).
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Proof. Let the operator T : C(J,R) — C(J,R), is defined by

1 v a—1 1 ’ a—1
@/0 (ZL' — 3) a(s)u(s)ds + @/0 (x - 5) g(s)ds

+ﬁ/ v —5)° (/KTx ))dT)ds,

Firstly, we prove that the operator 7" is completely continuous.

(Tu)(@) = o+

(1) We show that 7" is continuous.
Let u,, be a sequence such that u,, — w in C(J,R). Then for each u,,u € C(J,R)

and for any x € J we have

|(Tup)(2) = (Tu) ()]

< i | @ O ) — ute)l s
1 X
i | =0 () ) Flar)]ar ) ds
<t | @ s o) suplu(s) — ute)l s
by [ o= (s VK 7l sup P aa(r) = Pl )
1 e -
< lallo o) = Ol gy [ =)
* 1 v a—1
1K ||F<un<.>>—F<u<.>>Hoo@ | @=ras
Since [ (z —s)*"'ds is bounded, hm un(x) = u(z) and F is continuous function, we

conclude that || Tu,, — T'ul| ., — 0 as n — oo, thus, T is continuous on C(J,R).

(2) We verify that 7" maps bounded sets into bounded sets in C(J,R).

Indeed, just we show that for any A > 0 there exists a positive constant ¢ such that
for each v € By = {u € C(J,R) : ||u||, < A}, one has ||Tul| < ¥

Let = sup F(u(z))+ 1, and for any u € B, and for each x € J, we have
(u)eJx[0,A]
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|(Tw) ()]

1 ' a-l 1 x:v—so‘_l s)|ds
:|uo|+@/o<x—s> la(s)] Ju(s)] ds + /0< 1o lg(s)] d

['a)

+ﬁ /Om(x _ gyt (/0 K (s, 7)| | F(u())] dT) ds

IN

IN

Juof + [lullo

lally = 4 gl ey R
a -
©Tlat1)  MWeTatr1)  Tatl)

Fa+1)

(oAl K

= /.

Therefore, ||Tu|| < ¢ for every u € B,., which implies that 7B, C By.

(3) We examine that 7" maps bounded sets into equicontinuous sets of C'(J, R).

Let B, is defined as in (2) and for each u € By, x1,z2 € [0, 1], with 27 < x5 we have

IN

|(Tu) () = (Tu)(21)]

1 2 a—1 _ xlx_s‘klasus s
@ /0 (xe — 5)* “a(s)u(s)ds /0 (21 ) (s)u(s)d

+ﬁ /0 (2 — 5)* Vg(s)ds — /Oml(xl — )" lg(s)ds

1 o (w2 —8)* [y K(s,7)F(u(r))dr) ds
F(CY) _ Jfl(xl . 8)a—1 (fos K(S,T)F(U(T))dT) ds

1 o (w2 — ) ta(s)u(s)ds — [ (x2 — 5)* a(s)u(s)ds

(o) | 4 [ (e — s a(s)uls)ds — [ (21 — )" a(s)u(s)ds

1 fom (19 — 5)* 1g(s)ds — fozl(xg —5)*lg(s)ds
+F(a) a1 1 a1 —1
—I—fo (xo — 8)* 1g(s)ds — fo (x1 — 8)* 1g(s)ds
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(g — s) ([ K(s, 7)F(u(r))dr) ds
1 — [T (g — 5)H ([T K (s, 7)F(u(r))dr) ds
") 1
+Jy (w2 — 8)*" (L s,7)F(u(r))dr) ds
— [ (@ = s)* 7 ([ K (s, 7)F(u(r))drdr) ds.

Consequently,

[(T)(ws) — (Tu) (1)
1( [72(es — $1° Jas) fuls) | ds )
L(@) \ 4 [ (2 — 5)t = (22 — 5)° " Ja(s)] [u(s)| ds
b ( S (o —5)* " g(s)| ds )
PO\ @ = )07 = (22— )" Jg(s)] ds
L fi2 o = sy (3 1K (s, 7)) [F(u(r))| dr ) ds
I

IN

T vy = )" = (e = )" ([ K (s, 7) | |[F(u(r))| dr ) ds
where

1 T2 a1
. faﬂélwa—@ a(s)] [u(s)|ds

+ /011(x1 — )% — (22 — 5)* " a(s)| [u(s)| ds)

(v —21)" ry (22 — )" )
S Tary Ml pmy lalle A+ T3y lalleo A = 5y lell
_ el A o (o _ o
— = )" + (af —25)
(4.2) lalloe X 2(xg —m1)",
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L= () o= ol ds [ =9 = ) ) i)

(9 —x1)" ry (zg —21)" Ty
< Ta+1) 9llo + Tat+1) 9llo + Tla+l) 19lloe — Ta+1) 191l o
gl o 4 (g% _ 40
= F g 2w @ - 55)
191l a
(4.3) < mQ (552 - fEl) ,
and
no— L [ e =) (1 s, 7] [F ()] dr ) ds
POV f5 @ = 977 = (@2 = 9 (21K (s, 7)| |Fu(r)|dr ) ds
(K" o a
< T(a+ 1) (2(wy — 21)" + (2f — 27))
(K™ 1)
(4.4) < ot 1)2 (zg —x1)",

we can conclude the right-hand side of (4.2), (4.3) and (4.4) is independently of
u € By and tends to zero as x5 —x1 — 0. This leads to [(T'u)(z2) — (Tw)(z1)| — 0 as
xo — 1. i.e. the set {TB,} is equicontinuous.

From [; to I3 together with the Arzela—Ascoli theorem, we can conclude that
T:C(J,R) — C(J,R) is completely continuous.

Finally, we need to investigate that there exists a closed convex bounded subset
By = {u € C(J,R) : [Ju|, < A} such that TB; C Bs. For each positive integer
X, then By is clearly closed, convex and bounded of C'(J,R). We claim that there
exists a positive integer € such that TB, C B,. If this property is false, then for every
positive integer \, there exists u; € By such that (Tuy) ¢ TBs, ie. HTUX(t)Hoo > A
for some x5 € J where x5 denotes x depending on . But by using the previous

hypotheses we have

t t K*px® all A+ 9]l + K
ooy T 19l + < (fuol + 12 Lol
Fa+1) FNa+1) T'(a+1) Fa+1)
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5 o< |7
= sup|(Tuy)(@)
o o] 10l [ = ) el o) |+ s G = 7o)+ o
e’ x Jo (@ =)t (Jy K (s, ) |F(u(7))] d) ds

< {| |+ [Jull llal] r + gl r + K }

Ssu U, u a -

A e lMloe T 1) TWle T 31) " T(a+ 1)
lall o A+ gl + K*p

= 0 (' o T(o+1)

Dividing both sides by X and taking the limit as A= 400, we obtain

lall o

1< <
M(a+1)

which contradicts our assumption (4.1). Hence, for some positive integer X, we must
have TB; C Bs.

An application of Schauder’s fixed point Theorem shows that there exists at least
a fixed point u of T"in C(J,R). Then w is the solution to (1.1) — (1.2) on J, and the
proof is completed. 0
Theorem 4.2. If the series solution u(x) = >~ umn(z) obtained by the m-order
deformation is convergent, then it converges to the exact solution of the fractional

Volterra integro-differential equation (1.1) — (1.2).

Proof. We assume > *°_, un,(z) converge to u(zx) then

lim w,,(z) = 0.

m—0o0

ds
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We can write,

n

Y Do) = Xt (2)] = “Dur() +

m=1

(°D%ugy(x)

—¢ D%y (x))

+(°D%us(x) —° D*us(x)) + . . .

+(“Dun ()
(4.5) = “D%u,(z).
Hence, from Eq.(4.5)
(4.6) nh_}rglo up(x) = 0.
So, using Eq.(4.6), we have
i D[t () — XmUm—1( i D%y, (x
m=1 m=1

Therefore from Eq.(4.6), we can obtain that

Z CDa[um(‘r) — XmUm-— 1 Z
m=1 m=1

Since h # 0 ,then

(4.7) > Ry (i (x)) = 0.

—¢ D%y, _1(x))

— Xm DUy —1(x)] = 0.

um

1

1)) =0

321

By substituting R,,—1(tm—1(x)) into the relation (3.20) and simplifying it, we have

(4.8)
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R s@i(@0) = 3 [Dtn1(a) = ahuna(e) = [ K e, (s

- xm)g(@)|.
= oo( mi: tna(2)) = a(a) mil U1 ()

- /O " K(t) [mfjl F a1 (0) ]t~ 5:1(1 — X)),
= eD(a)) — a(eule) — [ Ko O)F(u(t)dt - g(x)

From Eq.(4.7) and Eq.(4.8), we have
“D*u(e) = alo)ulz) + gla) + | KO (o)
0
therefore, u(z) must be the exact solution of Eq.(1.1) and the proof is complete. [

5. ILLUSTRATIVE EXAMPLES

In this section, we present the analytical technique based on HAM to solve Caputo

fractional Volterra integro-differential equations.

Example 1. Let us consider Caputo fractional Volterra integro-differential equation:

61’2'25 33'261 x
5.1 cpo-7 = — / Tru(t)dt
with the initial condition
u(0) = 0.

From (3.13), (5.1) can be written as

6x2.25 33'26

r3.25) " 5

Ng(x;q)] = “D*Po(a;q) " (aiq) - / "ttt g)dr
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Now, using the m*-order deformation equation (3.18) and initial conditions (3.19),

and recursive equation (3.21) we can write

U () = (X + Bt () + hJO”[xTexum—l(x) - (- Xm)r%ém

- /O ' €™ty (1) dt]

Then,
up(z) = 0,
u(z) = —had,
us(z) = —h(1+ h)2?,
us() = —h(l+h)’z?
un(z) = —h(1+h)""a?,

thus the HAM series solution can be written as
Um(2) = un(z) = =h[L+ (1+h) + (1+h) + -+ (1 + h)™ 1P,
The exact solution of (5.1) when —2 < h < 0 is
- 1
_ _ 2 3_ (Y Y 3_ .3
u(x)—nzzoun(x) =—hll+1+h)+A+h)"+-]2° = h(l—(1+h))x =z°.

Example 2. Let us consider Caputo fractional Volterra integro-differential equation:

(5.2) D% [u(z)] = %xm + /O ’ #u(t)dt,
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with the initial condition
u(0) = 0.

From (3.13), (5.2) can be written as

32— 37 T
12\F xtd /Oﬁgb(t,q)dt.

Now, using the m*-order deformation equation (3.18) and initial conditions (3.19),

N(¢(z;q)] = D> ¢(x;q) —

and recursive equation (3.21) we can write

in(e) = Qo+ Bina () = 10— ) 22T 4 [0
Then

wl@) = 0

w(@) = LT -1,

w(e) = At - )T 12

w(e) = (1= ACET 12V a2

thus the HAM series solution can be written as

=3 (o) = AT = 0+ 0= ) (=T e

32 32
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The exact solution of (5.2) when 5 \/24732 <h<O0is

ww) = Y w)
SRR PR CRVRRIR I CREh e b

32 32 32
% _ 1 22 = 22
" Y (1 — (1= h(&F —1))) '

6. CONCLUSION

The paper concludes with significant findings. The study successfully applies the
homotopy analysis method to find the approximate solutions of Caputo fractional
Volterra integro-differential equation. The presentation in this study proves that this
method has a wider applicability that is based on the reliability of the method and
reduction in the size of the computational work. The method is effectual in the sense
that it finds analytical along with numerical solutions for wide classes of linear and
nonlinear fractional Volterra integro-differential equations. Importantly, the study
proves the existence of the solution and convergence of the technique. The examples
presented in this paper illustrates further and establishes the precision and efficiency

of the proposed technique.
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