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Abstract: Surface and thermodynamic properties, such as enthalpy, cohesive energy, 
surface energy and melting point, of different materials (Ag, Au, Sn and In) were 
calculated theoretically in this study by using the following two models: firstly, the lattice 
vibration-based model (LVB) of surface atoms and secondly, the surface-to-volume atom 
ratio (SVA) model of the free surface nanoparticle material. In this work, the melting 
temperature and other thermodynamic properties of the modified model of the 
nanoparticles improved the calculated curve compared with that of the experimental data 
due to the effect of lattice volume. Results of the two models showed changes in all 
thermodynamic properties as nanoparticle size decreased. Moreover, compared with the 
experimental data, a good agreement was observed between the modified LVB model and 
the experimental data.  
Keywords: Cohesive energy, Enthalpy, Melting point, Surface energy, Nanoparticles, Size 

effects. 
PACS: 67.25.bd, 65.80.-g. 
 

 
Introduction 

Thermodynamic properties of nanoscale 
materials are different from those of their 
corresponding bulk materials [1, 2]. Thus, 
understanding the surface and thermodynamic 
properties of nanoscale materials, for instance, 
crystals in carbon nanotubes and thin films of 
nanometer thickness, is vital because of their 
potential applications in microelectronics, 
nonlinear optics and solar energy [3-6]. The 
properties of bulk crystals depend on their 
structure. However, in addition to the structure, 
their size influences their properties, such as 
melting point, cohesive energy, entropy, thermal 
enthalpy, Debye temperature and surface energy, 
at the nanoscale [7]. Different models have been 
developed to explain and account for the 
thermodynamic properties of low-dimensional 
materials. These models include the liquid drop 
[8], bond-order-length-strength and latent heat 
models for size-dependent cohesive energy [9, 
10]. These models also include surface area-

different and bond energy model [11], which is 
also used to predict the melting temperature of 
nanomaterials [12]. Moreover, a variety of 
theoretical calculation methods have been used 
to obtain surface energy of nanoparticles. These 
calculation methods include the broken-bond 
rule [13] and the modified embedded atom 
method [14]. Ouyang et al. (2006) and Jiang et 
al. (2010) experimentally measured the surface 
energies of nanocrystals and showed the 
dependence of nanoparticle properties on their 
sizes in metals and semiconductors [15, 7]. 

One of the important thermodynamic 
properties is cohesive energy, which determines 
a wide range of thermophysical properties, 
including melting point, solubility and surface 
energy. Surface energy is linear to cohesive 
energy, whereas cohesive energy is linear to 
melting point [16, 17]. Moreover, cohesive 
energy and melting point are parameters used for 
estimating metallic bond strength. A high 
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cohesive energy indicates high thermal stability 
of the materials [18]. Therefore, identifying the 
melting entropy and enthalpy is important to 
understand the stability of nanocrystals. Metal 
nanoparticles have properties intermediate 
between those of metals and non-metals. In this 
study, lattice vibration-based (LVB) and surface-
to-volume atom ratio (SVA) models were 
applied to study the quantities that are dependent 
on the binding energies of nanocrystals. This 
investigation was performed to assess the 
proficiency of a model and showed results that 
agreed with the experimental data.  

Method of Calculation 
The first physical model (LVB), is used in the 

present work to derive the size-dependent 
enthalpy and entropy based on the Motts 
expression for the vibrational melting entropy 
Svib [19]. The second model was SVA, which is a 
simple method that was developed in 2005 by 
Qi, W.H. [20], who emphasized that phase 
stability is sensitive to the surface-to-volume 
ratio of atoms. 

Lattice Vibration Based (LVB) Model 

A physical model for size-dependent melting 
enthalpy Hm (r) is related to melting temperature 
Tm(r) and melting entropy Sm(r) which is a 
function of the specific heat difference between 
solid and liquid state [19, 21]; therefore, Hm (r) is 
equal to;  

Hm(r) = Tm(r).Sm(r).            (1) 

The modified model for melting temperature 
of nanoparticles Tm (r) due to the effect of lattice 
volume can be described by the following 
relation [22]; 

 ( ) = ( )
 

/
푒푥푝

 
          (2) 

where Tmb is the bulk melting point, 푉푏 is the 
bulk lattice volume, R is the ideal gas constant 
and r0 denotes the smallest size where there is no 
structural difference between the solid and the 
liquid states. At r0, all atoms or molecules are 
located on the bulk surface. r0 can be extended 
for different dimensions D; for nanoparticles D = 
0, for nanowires D =1 and for thin films D = 2. 
For nanoparticles and nanowires, r is the radius 
and for thin films, it is the half thickness. The 
relationship between r0 and the first solid surface 
layer height h is shown as [8, 12, 16]; 

r0 = (3-D) h.            (3)  

For a spherical nanoparticle of r0 = 3h, this 
value of h represents a length scale characteristic 
for crystallinity and is called critical radius. Its 
values for different elements used in this work 
are found in Table 1[ 23-25]. 

The size-dependent lattice volume V(r) is 
calculated as follows; the size-dependent lattice 
parameter a(r) is obtained from; a(r) = 

√
  dmean(r), where dmean(r) is the mean bond 

length of nanoparticles. Its value for bulk crystal 
dmean() is constant for all elements listed in 
Table 1.The mean bond length for nanoparticles 
is given by the equation [22]; 

dmean(r) = h − Δdmean(r).           (4) 

The change of mean bond length with size 
Δdmean(r) is given by;  

Δ푑푚푒푎푛(푟 ) = Δ푑푚푒푎푛(푟 )푒푥푝
 

 (5)   

where Δdmean(r0) is the maximum increase in 
the mean bond length dmean(r). Then, lattice 
volume V(r) of nanoparticles is calculated from 
the relation [2]; 푉 (푟) = ( ) . 

Melting entropy Sm(r) can be described by the 
following expression; 

( ) = 1 −              (6) 

where, Smb is the bulk overall melting entropy. 
The model suggests that the size dependence of 
the melting entropy for nano-semiconductor 
nanoparticles is determined by the size 
dependence of the vibrational part of the melting 
entropy of nanocrystal Svib, [7, 26]. The melting 
entropy for metallic and organic crystals is 
mainly vibrational in nature and Svib = Smb, [27]. 
From Eq. (2) and Eq. (6), size-dependent melting 
enthalpy Hm (r) from Eq. (1) is expressed as;  

( ) = ( ) /
[푒푥푝

 
]. 1 −    

             (7) 

where, Hmb is the bulk enthalpy and its value is 
given in Table 1, [7]. It is well known that the 
bulk melting point of most materials is 
proportional to their binding energy and their 
bulk cohesive energy Emb is proportional to their 
binding energy. Transition entropy term for the 
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solid-vapor transition related to cohesive energy 
can be expressed as follows;  

Smb=Emb / Tmb .                  (8)  

Bulk cohesive energy Emb at Tmb being the 
bulk solid-vapor transition temperature, size-
dependent cohesive energy E(r) is a linear 
function of melting point and is given to a good 
approximation as [28]; 

( ) = ( ) . ( ) .           (9) 

From Eq. (2) and Eq. (6), size-dependent 
cohesive energy of nanoparticles is expressed as 
[17, 30];  

( ) = ( ) /
[푒푥푝

 
]. 1 −  . 

           (10) 

The surface energy  mb is proportional to 
cohesive energy Emb through the following 
relation;  mb = k Emb, where k is constant and for 
size-dependent surface energy of nanoscale 
materials is [19, 31];  (r) = k E (r). By 
comparing the equations for ( mb) and ( (r)), the 
comprehensive equation of surface energy of 
nanoparticles will be; 

 
( ) = ( )    .          (11) 

Therefore, 

( ) = ( ) /
[푒푥푝

  
]. 1 −   . 

           (12) 

Surface to Volume Atom Ratio (SVA) Model  
A very simple model has been developed and 

reported in ref. [20], showing the relation 
between the melting temperature of nanomaterial 
and bulk as; 

( ) = 1 − = 1 −          (13) 

where N is the number of surface atoms of the 
straucture and n is the total number of atoms. 
The method to find the rate N/2n for different 
types of nanomaterials has been introduced by 
(Qi, 2006) [11, 21]. According to the (SVA) 

model [20],  is ,  푎푛푑  for spherical 
nanoparticles, nanowires and nanofilms, 
respectively, where d is the atom diameter and rc 
is the diameter of spherical nanoparticles. Here, 
L is the diameter of nanowires and W is the 
height of solid nanofilms [32]. 

The relation between crystal vibration 
entropy Svib and melting point Tmb can be 
described as [32, 33]; 

푆 (푟) − 푆 = ln ( ) = ln 1 −  

           (14) 

where Smb is the melting entropy of bulk solid 
crystal. Hm(r) is a linear function of melting 
point and is given as [9]; 

( ) = ( ) . ( ( )) .        (15) 

Substituting Eq. (13) in Eq. (14), the size-
dependent enthalpy for spherical nanoparticles 
is; 

퐻 (푟) = 푇 1 − 푆 +  ln 1 −    
            
(16) 

퐻 (푟) =  퐻  +  ln 1 −  1 −  
. 

           (17) 

The linear relation between melting 
temperature and cohesive energy is [30]; 

( ) = ( ); therefore, size dependence cohesive 
energy 퐸(푟) expression in this model is [15]; 

퐸(푟) = 퐸 1 −  .         (18) 

The relationship between surface energy and 
cohesive energy is; 

( ) = ( )  .          (19) 

By using the value of cohesive energy from 
Eq. (18) in Eq. (19), size-dependent surface 
energy for nanoparticles is [19]; 

훾 (푟) = 훾 1 −  .         (20) 
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TABLE 1. Thermodynamic and structure parameters for some solid elements concerned in this work, 
such as; bulk enthalpy Hmb (kJ/mol), bulk cohesive energy Emb [kJ/mol], surface energy  (J/m2), 
entropy Svib(J/mole.K), mean bond length dmean (nm), first surface layer height h (nm) [15, 23-25, 
27, 34]. 

Substance h dmean Hmb Emb Svib  
(nm) (nm) (kJ/mol) (kJ/mol) (J/mole.K) (J/m2) 

Ag 0.3197 0.289 113 284 9.16 7.205 
Au 0.3188 0.2884 125 368 9.38 1.28 
In 0.3682 0.3291 328 284 7.59 1.205 
Sn 0.281 0.376 720 303 9.22 0.68 

       
Results and Discussion 

Fig. 1 illustrates a comparison between the 
predication of modified Eq. (2) (with and 
without the effect of lattice volume) with Eq. 
(13) and experimental Tm(r) data for metallic Au 
nanoparticles. The result of modified Eq. (2) is 
in agreement with the experimental data. 
Moreover, the bulk melting temperature of Au is 
1337.58 K [25]. As shown in Fig. 1, the results 
of the modified LVB model, as predicated by Eq. 
(2) in calculating the melting temperature of 
nanoparticles due to the effect of lattice volume, 
were in good agreement with the range of the 
experimental data. 

Moreover, deviation occurred as the size of 
the nanocrystal was smaller than 3 nm due to the 
changes in the lattice structure of Au 
nanoparticles [2].  

Fig. 2 illustrates a comparison between E(r) 
represented by Eq. (10) and the predication of 
modified Eq. (10) with Eq. (18) and the 
experimental E(r) results for metallic Ag 
nanoparticles. The best agreement was obtained 
between the modified (LVB) model (Eq. 10) and 
the experimental data as the particle volume 
decreased and approached r = 2 nm. 

 
FIG. 1. Tm(r) function of the Au nanoparticle size, 

where number (1) on the figure represents the 
SVA model predication of Eq. (13), whereas (2) 
and (3) represent the LVB model and its 
modified predication of Eq. (2), respectively and 
the solid spheres () represent the experimental 
data obtained from Ref. [36]. 

FIG. 2. E(r) function of Ag nanoparticle size, where 
number (1) represents the SVA model predication of 
Eq. (18), (2) represents the LVB model predication of 
Eq. (10), (3) is the modified predication of Eq (10) 
and the solid spheres () represent the experimental 
data obtained from Ref. [36]. 

 
The SVA model in the range (r < 10 nm) gave 

higher results than the experimental results. The 
results of both models were different from the 
experimental data. Diwan and Kumar (2013) 
showed that the binding energy, cohesive energy 
and other thermodynamic properties, such as 

entropy and enthalpy, approach their bulk value 
when the particle size is above 100 nm [17,35]. 
Figure 2 also shows that the cohesive energy of a 
nanoparticle approaches its bulk value when the 
nanoparticle size (r) is far beyond the atomic 
size (r >> d).  
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According to our study, a clear matching can 
be obtained between both models and the 
experimental data when the nanoparticle size is 
larger than 20 nm. The cohesive energy of a 
nanocrystal is governed by nearest neighbor 
interactions. This phenomenon leads to a linear 
dependence of this cohesive energy on the 
inverse size (reciprocal radius) of nanoparticles 
[20, 23, 36]. 

For metals, the assumption of the nearest 
neighbor is good. However, for nonmetallic and 
semiconductor nanocrystals, this assumption is 
no longer valid, because covalency and ionicity 
play major roles in bonding and determining the 
cohesive energy [27]. 

The cohesive energy of nanoparticles may 
increase or decrease with the crystal size, 
depending on the surface atom bonds of 
nanoparticles. If the surface atoms have large 
dangling bonds, then the cohesive energy of the 
nanoparticle decreases with decreasing the 
crystal size. This result implies a decrease in the 
strength of metallic bond (i.e., easily break). In 
this case, the strength of the metallic bond for 
nanoparticles becomes weaker than those of the 
bulk metals [18, 27].  

In Figs. 3–5, we present a comparison between 
the LVB model predication of Eq. (7) and the 
modified predication of Eq. (7), as well as 
between the SVA model predication of Eq. (17) 

and the experimental results of Hmb (r) for Ag, In 
and Sn nanoparticles obtained from References 
[29, 37]. The results of the modified LVB model 
were in good agreement with the experimental 
data for In, Sn and Ag nanoparticles. For Sn and 
In nanoparticles, the results of the LVB model 
approached the experimental data at a size larger 
than 10 nm. 

The results of the SVA model of Hmb (r) were 
higher than the experimental results for Ag and 
In nanoparticles, particularly at a size smaller 
than (r < 15nm). For In and Sn nanoparticles, the 
LVB and SVA models were more consistent with 
each other at a size of (r > 20 nm). 

Previously, a physical model was established 
and predicted that the decrease of size-dependent 
melting enthalpy, H(r), is induced by the 
increase in SVA ratio and lower coordination 
number of surface atoms [26]. 

Melting enthalpy changes when nanoparticle 
size decreases. This trend is due to two reasons; 
firstly, the surface fraction of atoms in 
nanoparticles increases with decreasing size and 
secondly, surface atoms have a different bonding 
environment than the interior atoms within the 
material bulk. Moreover, the elastic properties of 
atoms at the surface differ from those of the 
bulk, because the phonon confinement affects 
elasticity and vibration behavior of nanoparticles 
[29, 31, 39, 40]. 

FIG. 3. H(r) function of Ag nanoparticle size, where 
number (1) represents the SVA model predication of 
Eq. (17), (2) represents the LVB model predication 
of Eq. (7), (3) is the modified predication of Eq. (7) 
and the solid spheres () represent the experimental 
data obtained from the Ref [21]. 

 

FIG. 4. H(r) function of In nanoparticle size, where 
number (1) represents the SVA model predication 
of Eq. (17), (2) represents the LVB model 
predication of Eq. (7), (3) is the modified 
predication of Eq. (7) and the solid spheres () 
represent the experimental data obtained from 
Ref. [24]. 
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FIG. 5. H(r) function of Sn nanoparticle size, where number (1) represents the SVA model predication of Eq. 

(17), (2) represents the LVB model predication of Eq. (7), (3) is the modified predication of Eq. (7) and the 
solid spheres () represent the experimental data obtained from Ref. [30]. 

   

 
The surface energies of Ag and Au 

nanoparticles as function of size are shown in 
Figs. (6) and (7). These figures show that the 
LVB model is better than the SVA model, 
because the surface energy of the LVB model 
approaches the experimental data, particularly 
for Au nanoparticles, where r > 5nm. However, 
for Ag nanoparticles, matching starts at sizes 
higher than 10 nm. These results are the reason 
for the modified LVB model. Furthermore, the 
results of the SVA model for Au and Ag 
nanoparticles were different from the 
experimental data at the size of (r > 10 nm). 

Moreover, good agreement was observed 
between the modified LVB model and the 
experimental results at low dimensions in Ag 
and Au nanoparticle sizes near (r = 3nm).  

The surface energy of a substance is related 
to the bonding strength between its atoms. We 
observed decreased surface energy with 
decreasing material size. This result was because 
the atomic radius increased with increasing 
coordination number [41, 11]. 

 

FIG. 6.  (r) function of Ag nanoparticle size, where 
number (1) represents the SVA model predication 
of Eq. (20), (2) represents the LVB model 
predication of Eq. (12), (3) is the modified 
predication of Eq. (12) and the solid spheres () 
represent the experimental data obtained from 
Ref. [15]. 

FIG. 7.  (r) function of Au nanoparticle size, where 
number (1) represents the SVA model predication of 
Eq. (20), (2) represents the LVB model predication 
of Eq. (11), (3) is the modified predication of Eq. 
(12) and the solid spheres () represent the 
experimental data obtained from Ref. [37]. 
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Surface atoms take random configuration due 
to losses in crystalline order [43]. Moreover, 
surface effects can be neglected for most 
thermodynamic properties of bulk materials [42]. 

However, surface effects cannot be ignored 
for nanoscale metallic materials. Surface effects 
result from the difference between the surface 
metallic and interior atoms. Hence, surface 
atoms will be less stable than inner atoms due to 
the following; 1) lower coordination number of 
surface atoms than that of inner atoms and 2) 
atoms near the surface have fewer bonds than 
those far from the surface [25, 29]. 

Conclusion 
In this work, LVB and SVA models were 

introduced to study the size-dependent enthalpy, 
cohesive energy, melting temperature and 
surface energy of Ag, Au, In and Sn 
nanoparticles. The relation to calculate 
thermodynamic parameters for bulk solids is 
used for nanoscale size successfully after 
modification. Results showed that the 
modification of the LVB model predication is 
superior than that of the SVA model when 
comparing the available experimental data, 
especially with the decrease in the sizes of free-
standing nanoparticles. The LVB and SVA 
models approach the experimental data at large 
nanoparticle sizes. 
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